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PREFACE. 



In a Treatise intended for the purposes of Academical 
instruction it is of the first importance that the more elemen- 
tary propositions should be laid down, référence being had 
only to the simplest and inost obvions mèthods of investigation. 

The attainment of this object bas in the following work 
been found in some degree incompatible with a strictly sd- 
entific arrangement of its parts. 

The discussion of the gênerai équations of Equilibrium 
evidently forms the legitimate basis of a theory of Hydro- 
statics. This discussion involves however the considération of 
a point in space referred to three rectangular co-ordinates, 
and is, in its most gênerai form, by no means essential to 
a further progress in the subject: it has therefore been 
referred to the end of the work, and that particular case 
of it in which the accelerating force is gravity, considered 
alone. 

In the theory of the motion of JtuitUy a distinction has 
been made between the case in which the velocity of every 
particle is the some as it passes through the same point 
in space; and the more extended case of variable motion. 
Of the former a separate solution has been obtained ; and 
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on the resulting formula the whole of the theory of Hydro- 
dynamics bas been made to dépend. The manner in which 
this part of the subject has been treated is believed to be 
altogether new. 

It is' unnecessary hère to enter further into the arrange- 
ment of the work. The reader is referred to a copions 
table of Contents which bas been preiixed to it. 

In conclusion the Author has to acknowledge bis im- 
portant obligations to bis friend Mr. Challis, of Trinity 
Collège. He is indebted to that Gentleman for the Chapter 
(vu.) on the gênerai Equations of the Motion of Fluids, and 
the Appendix (A) on the Oscillations of a cylindrical 
Column of Air. In the former of thèse papers, Mr. Challis 
has completely solved the gênerai équation expressing the 
cbntinuity of a moving fluid. 



West Monkton, near Taunton, 
March 30, 1830. 



CONTENTS. 



HYDROSTATICS.- 



CHAP. I. Page 1. 

Artide 
Définition of FLuids 1 

Fondamental property 3 

Property of tfae equal' distribution of pressuie 5 to 10 

Pressure applied to a fluid at rest, has no tendency to cause motion in a body 
nhoUy contained in it 11 

To detennine the force tending to cause a motion of translation, in any given 
direction to the sides of a vesael containing fluid subjected to pressure 12 

CHAP. II. Page 9- 

ON DENSITY AND 8PECIFIC GRAVITY. 

The densities of bodies are in the ratio of their spécifie grayities 13 

The spedfic gravity of a compound body 14 

CHAP. m. Page 11. 

ON THE EQUILIBRIUM OF FLUIDS ACTED UPON BY ORAVITY. 

The unit of pressure 15 

The pressure of a heavy fluid ; ig 

The soi&ce of a heavy fluid is horizontal 17 

The common surfiioes of any number of heavy fluids are horizontal. Any hori- 
zontal section taken in a fluid of variable density, is throughout of the same 
dcnsity » 18 

Fhûd contained in a system of communicating vessels stands at the same height 
inall of them 20 

If the pressure of the atmosphère be removed from the surface of the fluid in 
any (me of thèse, it will asœnd in that vessel 21 

On tfae poûtion of equilibrium of two fluids of diffèrent densities in a tube. 
Examples. (1) The circular tube. (2) The cydoidal tube ^. 22 



VI CONTENTS. 

CHAP. IV. Page 17- 

ON THE PRESSURE SUSTAINED fiY THE SIDES OF VESSBLS 

CONTAININ6 FLUID^ OR IMMBR8ED IN IT. 

Artide 

On the thickness of vessels 29 and 30 

The pressure on the surface of a vessel containing a heavy fluid 31 

The center of pressure. Examples. (1) The trapezoid. (2) The parahola. 
(3) The quadrant 38 

The résolution of fluid pressure 43 

The pressure of a heavy fluid bas no tendency to communicate latéral motion to 
a body immersed in it, or to the vessel which contains it 45 

A latéral pressure wîll be communicated by removing a portion of the sides 
of the vessel. Ex. Where must a square aperture of given dimensions be 
made in the side of a prismatic vessel of fluid so as just to overtum it ? 46 

The center of pressure where the curvature is vertical 49 

Where it is horizontal 50 

The center of pressure of a hémisphère (P^g^ 37) 

The conditions of the equilibrium of an embankment 51 

On the surfaces of flexible vessels containing fluid ^ 55 

CHAP. V. Page 49- 

EQUILIBRIUM OF FLOATINO BODIES. 

General conditions of equilibrium 68 

Equilibrium of synmietrical bodies. Examples. (1) Sphère. (2) ParaUdopipedon. 
(3) ElUpsoid , 62 

Equilibrium in a vessel of limited magnitude, and in a fluid of variable density 63 

Equilibrium of a triangular prism 65 

Of an inegular prism of which the part immersed is triangular 68 

Equilibrium of an iiregular prism of which the part immersed is a rectangular 
parallelopipedon 69 

To détermine the force which will hold a prism taken as above, indined in 
a given position 71 

The positions of equilibrium of a cône * 72 

CHAP. VI. Page 78. 

ON THE 8TABILITY OF FLOATING BODIES. 

Positions of stable and unstable equilibrium.... 7C 

They occur altemately • *.. 78 

Position of mixed equilibrium 78 

C!ondition8 of stability when the motion of th« center of gravity of the part 
immersed takes place in a plane parallel to the direction of disturbance 79 



• • 



CONTENTS. Vil 

Aitkir 
Exunpks. (1) Stabîtity of a cône. (2) Of a paraboloid. (3) Of a paraDelo- 

pipedon > ^ 

Geneia] coodidons of stability 83 

Ezamples. (1) Rectangular panlldopipedon. (2) Ellipsoid 84 



CHAP. VIL Page 95. 

ON THE OSCILLATIONS OF FLOATINO B0DIE8. 

SmaU Tertical osdUations. Ezample. Paiaboloid 85 

Finite vertical ofldDadona. Examples. (1) Cylinder. (2) Cône 86 

OidDations about the center of giavity, when the motion of the center of 
grayity of the part immened takes place in a plane paraUel to the diroc- 
dan of dûturbanœ. Ezample. Cylinder 87 

^Qiennal eguadons of the oidUadons of floadng bodies 88 



CHAP. Vlil. Page 110. 

ON THE BQUILIBRIUM AND 8TABILITY OF VESSEL8 

CONTAININO FLUID. 

ficnenl coDditions of the equilîbrium of a yesiel oontaining fluid and supported 
on a ^ane. Examines. (1) Paiabolic prism. (2) Rectangular parallclo- 

Condition» of equllibniim ▼hère a floadng body resta apon^ or la attached to the 
bottoi^. Example. Conical buoy....^..^ 90 

StabSity of .a vesael contalning fluid when it resta upon a plane 91 

WbOL it rests upon a curved surface , , 92 



CHAP. IX. Page 115. 

OENBRAI. EQUATIONS OF THE EQUILIBRIUM OF FLÙlDS. 

General expieaaion for the unit of preaaure „ 94 

Sulfites of eqniA preaauie 97 

Tkey aie homogeneoua J 99 

Kyamplua. (1) When the fluid ia attracted to a center 102 

(2) When the force vaiiea aa the diatance, and the fluid ia made to revolve about 

an azia. (3) When the fluid ia attracted towarda two centera 106 

(4) A cylindiical veaael made to revolve about ita axia ^ 106 

(^) A lectangular veiael made to move along a plane ••««••«•«•«.«.••^.«•m»^ 109 



Vlll CONTENTS. 

CHAP. X. Page 131. 

EQUILIBRIUM OF ELASTIC FJbUIDS. 

Article 

The atmosphère 117 

The tempetatuze of ekstic fluids 121 

The density and pressure of the atmosphère at any given height, (See Appendix E.) 124 
La Placées formula 1^6 

Application of the gênerai conditions of'equilibrîum to the case of elastic fluids. 
Example. A cylindrical column of air made to revolve about its axis 130 



HYDRODYNAMICS. 
CHAP. I. Page 145. 

ON THE UNIFORM MOTION OF FLUIDS. 

General équations in the case of uniform motion, (See Appendix B.) 132 

The same quantity of fluid passes through each section of a vessel oontaining 
fluid in motion 133 

On the form of an uniform stream of fluid projected upwards, or allowed 
to descend tKÛy in space 135 

CHAP. n. Page 149- 

ON THE MOTION OF FLUIDS THROUGH SMALL ORIFICES. 

The velodty is that due to the height 138 

The form of the jet, &c 139 

The time of efflux. Examples. (1) A prism. (2) An ellipsoid. (3) A cy- 
doidal vessel. (4) A cylindrical vessel revolving about its axis. (5) A vessel 
diawn vertically upwards l 142 

Efflux from a small aperture in a vessel which is continually supplied with fluid. 
Example. (1) A prismatic vessel when the influx ia constant. (2) When 
the influx takes place from another prism containing a given quantity of fluid. 144 

Motion through small apertures in a System of communicating vessels 1 45 

CSase of two vessels which communicate by a conmion aperture ; the fluid ascending 
in one whilst it descends in the other 146 

To find the time in which a given quantity of fluid contained in one vessel 
will attain the same level in both. Example. (1) Open prismatic vessels. 
(2) One of the prisms dosed at the top 147 

Case of any number of communicating vessels 148 

In a System of two conmiunicating vessds, when a stream flows continually 
into one of them to détermine the motion 149 

In a System of two communicating vessels, when the fluid escâpes by a small 
orifice in the second 150 



CONTENTS. IX 

CHAP. III. Page 164. 

tHS MOTION OF FLUIDS ON THB HYP0THBSI8 OF 

PARALLEL SECTIONS. 

.... ........... Aulcle 

Uoifatin motion. llizQiigli «l apcrtan of fiiiitie dintenddnt «..j.a.»..m4... 152 

Caie of.an.hori>nDtiJ apeztiue. ..Exaioplet... (1) To -Béà ûie pMitioa In which 
the loifiioe of a fluid nnifonidy lupplied to » Tend of thr foftn of a 
troneated paiaboloîd will become Btationaiy. (2) Who? mut a aemi* 
dlipsoidal iresael be truncated that the efflux may be a maximum? 1A3 

Unifoim motion tfarough a Ttertical aperture of finite dimennona. iSxamplea. 
(1) A lectangolar apertuK. (2) An apertuie in which the oïdioate Vaiin 
invenely as the velodty „ 164 

Uoiform motion in conununicating vessels. Example. Cas» of two rimilar 
puaboloidical yesada 11^5 

1^ variable motion of fluidi 156 

Garni équations of this motion on the hypotfaesis of paraUd leetions 167 

Aecekiated vertical motion...., p *..... 1691 

Ciae in wbich tfae flnid is letained at the same given altitude, (See Appendix C) 1110 

Usûm m a séries of Testela ^ 164 

CHAP. IV. Page 177. 

ON THE MOTION OF FLUIBS IN, PIPS8. 

Gebenl eqjiatjon.foc an uniform pipe of imall diameler ; where thte aooekntilig . . 
force is giavity 166 

Que in which tfae fliûd enters the pipe fîom a xesenrob 166 

Ow in which the fluid is whoUy oontained in the tube... 167 

Cue in which one bianch of the tube is kept fulL Examples. (1) When tiie 
two blanches aie stiaight. (2) The cydoîdal.'tube. (3) The catenary IM 

ModoQ in a tube whose blanches aie not of the tame disxneter. Examplt. Case 
where the blanches aie straight 169 

Motion m a tube of a continually vaziable diameter •'. .«. 17^ 

CHAP. V. Page 188. 

ON THE BESI8TANCE OF FLUID8. 

Boistance on a plane^ (See Appendix D.) 171 

Kesataaoe on a solid of leTolution. Examples. (1) A sphère. (2) A spheioid. 

(3) A cydoidal sox&oe -.. W 

Besistaoce on any symmetrical body » 176 

Beetilinear motion of a body in a lesistmg médium ; 177 

On die smaU vertical oscillations of bodies as afiècted by lesistanoe 183 

The vortioal metioo of a body thiough tfae atmosphère^ wfaen aded npon hy 

no fines, but simply impdkd by the wdocity of ita projection. 184 

b 



X CONTENTS. 

Article 

Applied to the wfrvtion of light , , ,:......-.., 186 

Modification of the tlieory of résistance in tfae case of elastic fluids 186- 

Gnryilinear motion in a resisting médium 187 

The velocitf is that due to ^tfa the choid of curvature .' 187 

General équations to the trajectorj 188 

Case in which the direction of thé force is parallel to itself 189 

The curre described in a resisting médium about a center of force 190 

The iheory of résistance is at variance with experiment., 191 

If a plane IJe opposed directiy to the pressurç of a eurent, the fluid is 
raised at its anterior and depressed at its posterior surface through a space 

e^ual to that due tp its velocity. , 192 

Vaiiation in thç résistance produced by this disturbance of the surface 193 

ISrror of the theory in the case of oblique impact , , *, 19i 

CHAP. VI. Page 294. 

MOTION OF ELÂSTIC FLUIDS. 

The motion of one elastic fluid into another of diffèrent density; botii being 

of infinité extent 1^ 

The velocity of efflux, and the dçnsity of the effluent fit^d 196 

In tiie caseof a small aperture the density of the effluent fluid is a mean 
proportional between the densities of tiie média 197 

Case of two vesseU when the aperture is small 199 

Error in the received theory 200 

The motion of a heary piston dosing a vertical prism containing air 201 

The accélération of a bullet in the barrel of a gun • 202 

CHAP. VIL Page 209- 

OENEBAL EQUATIONS OF THE MOTION OF FLUIDS. 

Equations resulting dûectiy ttom the motion 1 204 

Equations resulting from the continuity 205 

Case of an homogeneous and incompressible fluid. ;...» 206 > 

Complète intégration of tiie équations resulting ficom the continuity 207 

Case in which tiie motion is in space of two dimensions 208 

Application of the gênerai équations to the case of uniform motion 209 

Case of compressible fluids where the motions are small, and no extraneous 
force is impressed , 210 

CHAP. Vin. Page 225. 

HYDROSTATIGAL INSTRUMENTS. 

Bramah's Hydxostatic Press..... , 211 

The Hydrometer.. * m.... 213 



CONTENTS. XI 

ArtSde 
The Hjdiostatic Balance. 291 

The Hydnttatie BcQows 23S 

Gecil*8 Lamp 225 

The DiYing BeU 226 

Hero*8 Foimtain .^ 228 

The Common Pump..... 230 

Aichimedes* Sœw (Fige 240.) 

The Air Pamp 236 

The Condeiuer 238 

The Barometer : 241 

MeDanntion of Heights 244 

The Sea Gage 247 

The Clepajdia ,... 249 

The Compound Float 251 

Pitot'8 Tube 253 

The HydiauUc Quadnmt 254 

The Common Tube or Conduit Pipe 256 

The STphon. 258 

The Centrifugal Pump 259 

Baiker'g Mill 262 

MoDtgolfier's Hydiaulic Ram 265 

APPENDIX. 

On the osdUationa of a cylindrical column of air (A) 

On the gênerai équation, Art 132 (B) 

On the hypotfaeais of paiallel sections (Ç) 

On the theory of résistance, Art 171 (D) 

On the note to Art. 126 .., (E) 

Oa Art 206. (F) 

On Art 157. - - (G) 



ERRATA. 



Page 4, line 14, fw as TtaA of . 

•— IS, line 23, omit the and insert it af ter /rom In line 26. 

•r- 21, /or Art. S2, rtaà as folio ws.—Hence therefore the pressnre on the àarface, 
or on àiiy portion of tbe snrface of a vessel containing âaid, is equal to the 
-weight of a prism of the floid whose base is eqnal to that surface, and 
lieigiit . to tbe . perpendicular . depth ol. its center or gravity. 

— 40,.line 0,/«r Z)i\^ =; NP.read Ditf :;? MP. 

— 81, Une S, frotn tbe hottom, for equilibriums read eqnilibriani. 
.— 86, line 8, /or them reod then. 

— - 118, line 14, call this eqnation (t). 

mm. 141, Art. 130, throughont this Article, /or h rend kg, 

— 161, line 17, far (Fig. 36,) read (Fig. 37.) 

— 166, line 13, far (Fig. 37,) read (Fig. 33.) 

— 168, line 6, omit (Fig. 40.) 

— 192, line 4 from the bottom, far line read sine. 

— . 196, line 4 from the bottom. In the denominator, for l read . 



— 206, line 10,/orVg-fc-^, read \/ h.hghj-. 



ELEMENTS 



or 



HYDROSTATICS. 



CHAP. i 

1. Fluibs difFer from solid bodies in the slighter ad* 
hedon of their parts, and the facility with which they are 
made to move among one another. 

2. They are distinguished into incompressible or liquid, 
and elastic or aeriform. 

Incompressible fluids may be made to assume an infinité 
varîety of différent forms, but retain always the samë 
volume. 

Slastic fluids vary at once in form and volume with any 
variation in the pressure they sustaîn, and retum again to 
the same form an^ volume when the same circumstances of 
pressure are restored. 

• 

3. Force impressed on a solid, îs effective only in thé 
direction in which it is impressed, and is sustained by equal 
force impressed in an opposite direction. Applied to a fluid, 
it is effective in every direction, and is only to be sustained 
by forces applied to every point in the siurfaçe of that fluidi - 

A 



4. Conceive a vessel (Fig. 1.) to contain a fiuid, with 
the whole of whose surface it is accurately in contact; and 
let such forces be applied to the fluid (by means of pistons 
P and Q acting through apertures any ivhere made in the 
vessel), as may sustain one another and keep the whole at 
rest. Now, an equilibrium being thus established, it is a 
manifest and distinctive property of fluids, that such a force 
may be taken as, applied to either of the pistons, will cause 
the other piston to ascend or require an additional force to 
keep it at rest. In what are termed perfect jluids^ any. 
force, however small, is sufilcient thus to disturb the equi- 
Ubrium: and in solids, no force, however great. Between 
thèse extrêmes^ nature présents us with an infinité variety 
of bodies, which appear to approach more or less to a state 
of perfect fluidity, as they are more or less afiected by 
that mutual attraction of their parts which is called cohésion, 
and is common to ail material bodies. 

5. Since the same pressure is manifestly produced on 
either of the pistons, by the force applied to the other, as 
though it formed part of the cohtaining vessel,. it foUows 
that such a force may be applied to one portion of the 
surface of a fluid (wholly enclosed by the containing vessel) 
as to produce a certain pressure in every other portion of 
that surface. Now, in perfect fluids, the pressure thiis pro- 
duced . on any portion of surface equal to that of the piston, 
is the same with the pressure on the piston itself. 

This property of the equal distribution of fluid pressure, 
may be proved directly by experiment, and thus proved, is 
comiiionly tàken fot the basis of the theory of Hydrostatics. 

It may, however, be deduced on mechanical principles, 
from the more évident and characteristic pr^erties of fluids. 

6. Conceive the pistons P and Q to act through tubes 
to which they are accurately fitted: aiid suppose the system 
to be in equilibrium as above. Now, let the force P be 
applied to one of the pistons, and let P' be that force 
which must be similarly applied to the other, in order to 
maintain th« equilibrium. 



. Sinee no change takes place in the System from the 
application of the forces P and P'^ and that no résistance 
is opposed to the mutual action of thèse forces upon one 
another, by the intervening fluid, (any the slightest pressure 
being communicated from one piston to the other, by hy- 
pothesis,) it is clear that the eqtiilibrium among the forces 
first impressed upon it remains; and, therefore, that P and 
P' are themselves in equilibrium. 

The whole may, therefore, be consideAd as a machine, 
on inrliich thèse forces sustain one another, and of which 
the distinguishing property is this, that whatever motion 
takes place in it, the fluid between the pistons will continue 
to occupy the same space. Let one of the pistons be slightly 
thrust down, then will the other be raised; and as much 
fluid as is displaced by the first piston will be forced into 
the tube which contains the other. If, therefore, h and 
— A'* be the distances through which the motion of the pistona 
takes place, and N and N' transverse sections of the tubes, 

Nh + N'K = 0. 

Also, by . the principle of virtual, velocities, sinee t^e forcer 
P and P' are in equiUbrium on the system 

Ph + P'A' = 0; 

P P' 

The same reasoning may be extended to any number of 
pressures, by comparing P separately with eadb, and con- 
sidering the rest, as supplied by the sides of the vessel, thus 



JV" N' iVT" N 



/// 



= &e. &C. 



The aboyé équations hold for elastic as well as inelastic 
fluids; for^ the pressure being the same, the density is not 
altered by any altération in the position of the pistons. 



* Tbe négative sign is hère taken^ because the motions of the 
two pistons take place in opposite directions. 
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7* We shall give a second démonstration of this im- 
portant theorem, more directly grounded on experiment. 

Let AB (Fig. 4.) be an uniform bent tube containing a 
fluid in equilibrium, whose surfaces are at A and B, Let 
a force P be applied to the surface at A, by means of a piston 
accurately fitting the interior of the tube. It will be fpund 
that an equal force Q must be similarly applied at B^ in order 
to préserve the equilibrium in the same position of the pistons. 
And, similarly, n by means of a weight or other force applied 
at either surface, the fluid be forced into any other position 
A^B'f and rest in that position; then, the whole being in 
equilibrium, if a force P be applied at A\ an equal force Q 
must be applied at B" to préserve the equilibrium in the same 
tiositiôn as the fluid. 

Now, the forces, whatever they may hâve been, which 
acted upon the fluid before the application of P and Q, were 
in equiHbrium, since they held the System at rest; also this 
equilibrium remains after the application of those forces, since 
the position of the fluid is unaltered. The forces, other than 
P and Q, being, therefore, in equilibrium; also the whole 
System of forces, including thèse, being in equilibrium, they 
are themselves in equilibrium. And the force P applied to 
the surface A\ sustaining the equal force Q, applied to the 
surface J?', it follows that the pressure on either surface îs 
propagated through the fluid to the other. 

If tkere be a force impressed on a given surface, in any 
portion of a fiuià at rest, an equal pressure will therehy be 
^enerated on an equal surface in any other portion of thejluid, 

Let 4BCD (Fig. 2.) be a vessel fiUed with fluid. Let 
a piston be introduced at Q; and suppose a given force Q 
to act upon it. The pressure Q will generate in any other 
portion of the fluid an equal pressure on a surface M, equal 
to that of the piston. For, since the fluid is in equilibrium, 
if ^y of the parts of it be connected together, so as to becQme 
solid, the equilibrium will continue under the same circum- 
stances with regard to the remainder, it being impossible that 



an eqiiîlibrium, once egtablished, should be degtroyed, except 
by adding to the forces from whicb it bas resulted, or taking 
away from them. Neither of whlch cases are involved in our 
supposition. 

• 

Let, then, every portion of the fluid be supposed to be- 
come solid, exceptiog only the uniform tube QM extending 
from the piston Q to the surface M: the equilibrium will, 
therefore, remain with regard to the fluid within the tube QM: 
and the pressure on M will be the same ob when the surround- 
ing partiales were in a fluid state. 

Now, by the last article, the pressure communicated by Q* 
to M is equal to Q: and M is anywhere situated in the fluid: 
whence the truth of the proposition is apparent. 

Let N and JV" be surfaces taken anywhere in the fluid, 
of which let Mj the* area of the section of the piston Q, be 
a common measure. Also, let M be exceeding small^ so 
that N and N' may be considered as made up of elementary 
planes, each equal to M. Then will the pressure on each of 
thèse elementary planes be represented by Q, and their num- 

therefore, P and P' for the whole pressures sustained by the 
surfaces, we hâve 
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• The "pressure communicated hy Q," itis to be observed; there 
may be a further pressure on M resultîng from forces impressed on 
the fluid in MQ, as in the case of gravity. 



8. We may consider the pressure Q as supplied by the 
sides of the vessel, of which the piston forms a part ; P and P^ 
will then represent the pressures produced on N and JV", by 
the résistance of the élément M of the coats of the Tessel : and 
sînce the pressures similarly produced by any other élément, 
are in the same ratio, ît foUows that the équation is true, 
if they be taken to represent the whole pressure resulting 
from the sum of the résistances, or the whole reaction of the 
sides of the vessel. 

JV and iV' may be taken dnywhere in the fluid, and may, 
therefore, be supposed to form a part of the containing vessel. 
One or both of them may, in fact, be considered as terminating 
pistons, acted on by the forces P and P' : in which last case, 

P N 

the relation — = — will be necessary to the equilibrium. 

The proof extends to any number of surfaces, JV, JV', JV". 

9. The surface JV' may be of any form, of any mag- 
nitude, and in any position, and may, therefore, be taken to 
represent the whole interior surface of the vessel. The portion 
JV, which may be considered as the termination of a piston, 

JV'.P 

being excepted. Now P' = — — - ; hence, therefore, (cœteris 

datis) the pressure on the coats of the vessel is the greatest 
when the surface JV of the piston in contact with the fluid 
is the least : and, the piston, the pressure upon ît, and the 
volume of fluid being given, the pressure on the coats of 
the vessel is least, when the containing surface JV' is the 
least that will contain that fluid ; that is, when it is a sphère 
(Garnier, Cal. Integ. 6l6.). Hence, therefore, it appears that 
the spherical form is that best adapted to vessels containing 
a fluid which is subjected to pressure. 

Fbob. If an inverted cône contain a fluid, and à givefi 
pressure be apphed by means of a piston to the whole of its 
horizontal surface; the pressure sustained by the sides of the 
cône is the same to whatever height it be fiUed. 
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For, if a B ^ the angle at the vertex, 

P' surface 
P base 

ss cosec a; 
.'. P' =s P . cosec a = constant. i 

Of cylindrical vessels containing a given quantity of fluid, 
the pressure produced by a given force acting on a given 
surface, is the least in that, wbose height is equal to the 
diameter of its base. That being the least cylindrical surface 
of a given capacity. 

10. It is manifest, that the gênerai proposition we hâve 
stated is équivalent to this, that force impressed on any por- 
tion of the containing surface of a fluid, is propagated to 
every other equal portion of it. For, since P is the pressure 

P . 

on the whole surface JV, -~ is that on each unit of it : and 

N 

P' . 

similarly -r^ is the pressure on each unit of the surface N\ 

Now 

P_P^ 

therefore the pressure on every unit of N is propagated to 
every unit of N': and hence it follows, that the pressure on 
any surface J of JV, produces an equal pressure on, an equcd 
surface A of iV". 

11. Let M he a, body entirely contained in the fluid. 
(Pig. 1.) Now the pressure produced by P being referred 

P 

to an unît of surface, is represented by — . Let s and a 

be elementary portions of the surface of 3f, having a common 
projection on the plane zy : and let a and a be the angles which 
the hormals or the compléments of the angles which the tangent 
planes to thèse elementary surfaces make with the same plane. 
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Then are — • « «in cr, and --/ aîn or', the pressures on s and 

N N 

êy resolved perpendicular to the plane «y. But « sin o- and 
a' sîn a represent each the common projection of the surfaces 

. P . P , . , 

s and 8. The expressions —- s sin <r, and -7 / sin or', are, 

N . N 

therefore, equal to one another. And the opposite pressures 
on any two éléments of the , surface, having a common pro- 
jection on the plane xy^ are equal, and therefbre destroj. 
The body N can, therefore, hâve no motion, whether of 
rotation or translation, as it respects that plane: and similar 
reasoning applies to the other co-ordinate planes. It foUows, 
therefore, that if a body be wholly contained in a fluid, a 
pressure communicated to that fluid has no tendency what- 
ever to alter the position of the body, provided the fluid 
itself remains at rest. 

V 

12. To détermine the pressure on any portion of the 
sides of the vessel, (Fig. 1.) tending to cause a motion of 
translation from the plane zy. 

Let dx dy represent the projection of («) on the plane xy. 
.'. s sin a =^ dx dy; 

P P dx dy 

' ' N N sin (T V 

P /•/•dx dy 
.'. pressure = -r: // — : 

NJJ si 



sm (T 

dx dy 

+ 1 



P pp dx dy 



dy. 

» 

Ail that has been hitherto said with regard to incom- 
pressible fluids, applies, without restriction, to elastic fluids, 
the piston being supposed to hâve attained a state of repose. 
Jt is only in the manner in which this state îs attained, that 
the différence consista. 
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CHAP. II. 



ON OBNSITT AlfD SPECIFIO OBAVITY. 

13. Density is the quantity of matter contained in a 
giyen Tolume, which volume is cpmmonly taken to be an 
unit of the whole ; so that in an homogeneous body the whole 
quantity of matter is equal to the volume multiplied into the 
density. Thus, calling V the voliune of a body, and D its 
density^ the quantity of matter it contains is represented by 
V.D. 

Having no positive conception of that which is not matter, 
we can arrive at no definite idea of the précise quantity of 
that which is, Whilst, however, it is thus impossible to 
attain to an accurate knowledge of the density of any material 
body^ we may readily institute a oomparison between the 
densities of différent bodies, and thus transfer siœh propertios 
(dépendant thereon) as may be predicated of one to ail the rçst* 

That body will be best calculated to form the standard 
of Ûm oomparison, which is of most common occurrence ; and 
between whdch and the rest the comparison is most readily 
instituted. 

Water possesses thèse properties in a nemàrkable dcgree. 

The density T)f water, as compared with that of itny 
other substance, is the spécifie gravity of that substance. 
Thus, calling D the density of any substance, and S its 
spécifie gravity : also, representing the density of water by D^ y 
we huve 



J f > B 



= S. 
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Similarly, if D' and S* be the density and spécifie 
gravity of any other substance, 

the densities of bodies are, therefore, as their spécifie gravities^ 

Since — = 5'; 

.-. D ^ S.D^: 
and F.2> = S.V.D^. 

Now, VD and VD^ are respectively the quantities of 
matter contained in the body, and in an equal volume of 
water. The spécifie gravity of a body may, therefore, 
be defined to be the number of times the same volume of 
water must be taken, to contain the same quantity of matter 
with it, or the ratio of the weighta of equal volumes of the 
body and of water. And whefe S.V is made (as is some- 
times the case) to represent the quantity of matter, ît is 
always to be understood that it does not strictly represent 
that quantity, but the vohime of water which contains the 
same quantity of matter with it. 

14. If two bodies, whose densities are D and Z)', and 
volumes V and V' be mingled together; and the volume of 
the whole be the sum of the volumes o^ the parts ; then, 
calling D" the density of the compound. 

Since the whole quantity of matter it contains, is equal 
to the sum of the quantities of matter in the parts, 

iy'(v+ v) = v,D + r.if: 

or Z>i representing, as before, the density of water, 
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v.s -f r.s' 



.-. 5'''== 



F -f r 



y, iS' and iS'^ representing respectively the spécifie gravides 
of the cômpound and its parts. ^ 

In ail chendcal oombinations, the volume of the côm- 
pound is found to be other than the sum of the volumes 
of the component parts. The above theorem applies, thare- 
fore, only to the case of mechanical admixture. 



CHAP. IIL 

ON THB SQUILIBBIUM OF FLUIDS ACTBD UPON BT GIVBK 

ACCBLBBATINO F0RCB8. 

The property of the uniform distribution of pressure^ 
applied at the surface of fluids, belongs to their naiure^ 
and is common to ail of them. Fluids, however, whose 
particles are acted upen by gravity, or other accelerating 
forces, exert, besides the pressure thus propagated firom their 
surfaces,^ and uniformly diffused throughout them, a further 
pressure, dépendant upon their density and the magnitude 
of the forces impressed, and variable firom one point in them 
to another. 

15. To estimate the quantity of this variable force at 
any point in the fluid, it is conceived to be applied uniformly 
to an unit of surface. Throughout the following pages, the 
pressure thus referred to an unit of surface is represented 
bjTj); and it must clearly be understood, that this symbol 
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is not taken to i%present any pressure actually produced by 
the fluid, but that which trould be produced if the pressure 
on the point (or rather an élément at the point) under con- 
sidération, were uniformly applied to an unit. 

16. Let the îrregular vessel MN (Fig. 3.) contain a fluid 
acted upon by the constant force of gravity. Suppose the 
whole to be eut horizontally by the plane KLy and, the fluid 
being at rest, let#ts upper portion ML become solid excepting 
only the vertical tube PQ whose section is (k). Then will the 
oûrcumstanoes of the equilil»*iubi and the pressure, on every 
point of the fluid, remain pirecisely as before, nothing havin^ 
beeii added or taken away from the forces Impressed. 

Now it is évident that the fluid in PQ is acted on by a 
moving force in the direction of gravity equal to its weight ; 
also since the sides of the tube are vertical and nothing is 
opposed to this force in the direction of its action, it is wholly 
effective, and exerts its whole pressure on its lowest section. 
Now by (Art. 6») this pressure will generate an equal pressure 
on an equal surface any where taken in the fluid KN. Also 
since the fluid in JTJV does not otherwise press upon the plane 
KL than as it communîcates the pressure of PQ, (its gravity 
impelling it from that plane), it follows that this pressure i& 
the only force effective on JKX, and on the fluid surface îu 
contact with it, and, therefore, generally, that the pressure on 
any portion of a horizontal section, is equal to the weigkt rf a 
vertical jcolumn of the fluid, whose base is of the same area 
witJi it, and which reaches to the surface. 

V 

Let mn be any other surface, KL and kt horizontal se&. 
tiotts through its highest and lowest poicfts. T^ien îs aie 
pressure on mn, manifestly greater than that on afn equal 
portion of KL : and less than that on an equal portion of kl ; 
and, therefore, the pressure upon it differs from flie pressure 
on an equal portion of KL, by less than the weight of the 
eolumn Qq. If, therefore, the plane mn be tak^i so smalt 
that Qq may vanish when compared with PQ, the pressuite 
upon it wîll be accurately represented by the weight of P<2^ 
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ai, dûs is true whatever be tlie form or poâtmi of mny 
the hmse d PQ bdng as befare of the same area. 

Refer the pressure on mn to an unit of surfeur; let z be 
tbe 4epth, D the density of the ûvâd, and G the force ot gravity 
for wsay value af z, the& wîll the weight of the oolumn PQ^ 
whea n^erred to an uak, he fDGd»^ and therefore 

p^fDGdz 03). 

1^. It has been shewn that if tbe plane KL be horizontal 
the pressure upon every equal area of it is the same, and 
further, that it is the weigh't of any vertical column whose base 
is equal to tliat area, and 'whieh readies to the surfiEice <^ the 
floid. Hence, therefore, it appeared that tiie weights, and, 
therefore, the keights of ail such vertical oolumns are the same. 
Shiœ, then, tbe «urfiice of the fluid is every where at the sorae 
height above 1^ horizontal {dane JTZ, it îs itself horizontal; 

18. Similarly, if there be two fluids of différent densitie» 
in the suue vessd, their cdmmon surface is hariaontal. For 
taking a horizontal plane in the lower £uid, as before, the 
pressure on every equal area of it is the same, and is equal «to 
ÛLe we^ht ^ cmy vertical o(^iH»n extending from the plane to 
tke mu^ace. Hence, the w«eight oi ail such vertical ooiunuis 
is tbe«arae, and titeupper surface being horiaontal, their height 
is Ae sffsie, they mmst, therefcnr^, ail contain the equal p(Mi;ions 
af the two iftuids, and the heights of the iower ^umns, that is, 
tlie distances of the êîSeve^ pomts in their eoimnoo surface 
from horizontal plane must ail be the same, ^ft dieîr oMumon 
surface itself must be horizontal. 

iAnd, in die same «lannear, if there be aaty euraber of 
àMbaB&A fluids 4S(»ïtaiiied in the «ame vessel, taking horizontal 
fiaoes in any two adjacent fluids, it appears that eince the 
pressures on equal sur&Kses, throughout thèse planes aro the 
Huse, md equal to l^e weight of any of 1^ «uperincumbent 
cxAuinns ^taking the equal columns incumbemt on the higher 
plane &am those^m the lower), the wesghtsof aH the^sotumne 
betwEeen the two planes are the same, and their heights are 
ttaiafertly the same i^nce both planes are horizontal ; therefore 
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they contain ail the same quantities of the two fhiids, and tite 
distance of every point of the common surface oi the fluids^ 
from either plane, is the same. 

Thèse results follow at once from the équation (/3) ; from 
whence it appears, that in every possible case of pressure, 
DGd% is an exact diiferential, and, therefore, D constant, or 
a function of «. When, therefore, % is constant, D is con- 
stant; or ail horizontal planes are of uniform density. And, 
when p is constant, (as at the surfaces of fluids) z is constant ; 
or the surfaces of fluids are horizontal. 

19. From the above it appears, that the common surface 
pf the atmosphère and any fluid on the earth^s surface, is 
horizontal: and further, (the air being of variable density^ 
that the différent layers or strata of air in diflferent states 
of density, are disposed horizontally, and parallel to eacK 
other. 

On the EquiKbrium of a Fluid in a System of 

cotnmtmicating Vessels. 

20. It has been shewn to be a condition necessary ta 
the equilibrium of a fluid acted upon by gravity, that, being 
intersected by a horizontal plane, the pressure on every por- 
tion of that plane should be the same. And the démonstra- 
tion of this proposition obtains, whatever be the form of the 
containing vessel, provided only the parts of it communicate, 
so that the fluid may be, in any direction, continuons. 

Suppose two vessels to communicate by means of a tube 
orr common aperture, and let a fluid be pouxed into one of 
them. When the whole is in equilibrium, let it be intersected 
by a horizontal plane ; which is, therefore, one of equal 
pressure. Now, the pressure on every unit of this plane is 
the weight of a superincumbent column of the fluid, together 
with a âuperincumbent column of the atmosphère above it: 
and taking the atmospheric pressure to be the same over 
every unit of the surface in both vessels, it foUows, that the 
weights of the superincumbent columns of the fluid^ or their 
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heights, are the sàme. The surface, therefore, of thefluid 
is at the same distance from the same horizontal plane or 
at the same level, in both vessels. 

21. If the pressure of the atmosphère, or any part of 
it, be removed from the surface of the fluid in one of the 
yessels, remaining as before, over the surface of that in 
the other, the equality of pressure on the horizontal plane 
we hâve taken, will be destroyed; and the conditions of 
equilibrium no longet obtaining, that surface which sustains 
the less pressure will ascend and the other descend, until 
the equilibrium is restored by, the lesser pressure of the at* 
mosphere on an unit of the former surface, added to the 
weight of the increased column of fluid ; equalling the greater 
pressure on an unit of the other surface, added to the weight 
of the diminished column of fluid. 

Thus, (Fig. 25.) if p represent the pressure of the at- 
mosphère on an unit of the surface A, and |/ on an unit 
of 4'' ^^^ Bffhe any horizontal plane. When the fluid 
is at rest, 

p + weight AB = p' 4- weight A* • ff\ 
,\ p ^ p •\- weight A'A'\ 

If the pressure of Uie atmosphère be wholly removed from 
.the surface Â^ that is, lî p''^Oy 



p = weight A A . 

The surface of the fluid in oné vessel may thus be raised 
above that in the other, until the weight of the column raised 
is equal to the pressure of the atmosphère on a portion of 
the other surface, equal to its base. 

22. If the fluid in AB be not of the same density with 
that in A'ffy it is clear, that in order to préserve the equality 
of pressure on the plane B^, we mùst hâve 



ABxD^A'Bx D\ 
or 1b^J!B!. a: 
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where D and D' are the densities of the two fluids, and or 
the ratio of their spécifie gravities. 

Ex. 1. Given quantities of diflferent fluids are contained 
m. a circular tube ; it is requfared to détermine their poedtion 
of equilibrium when at rest. 

Let EQ (Fîg. 16.) be the heavier fluid, and FQ the lighter^ 



.-. ME'^MF'.a. 
Let AP^AQ^e, 



.-. ME' =x cos — cos (a — 0) 



JfF'= cosd-cos(/3 + e); 
.'. { cos Q — cos a cos — sin a . sin 0} 
= {cos — cos j3 cos + sin )3 sin 0] o" ; 
,\ |l--cosa — sina.tan 9] = {l^cos/î + stii/3 tan0}<r^ 

(l — cos a) — (1 — cos j3) <r 



.\ tan^ 



sin a + (T . sin /3 



Ex. 2. Equal quantities of two fluids, the ratio of whose 
npeoific graTÎties is represented by a-, are conliained in a 
cycloidal tube. To détermine their positions of equilibrium. 
Let EP (Fig. 7.) be the heavier fluid, and FP the lighter. 

Sr^m BE!^m^ BP^x^^^ 

îength of each ' arc PE and PF = sj%al\ 

or a?* + 0?* x= fi ...^., , ....(1) 

. NOW, PE^PP.fXy 

or a? — ^^^ = (/i?^ — a?J (t; 

•'• *.. 5^ ^« 

" 1 - <r 
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AIso, since PF^ PE\ 

or ^ — 47 i = 2 â7^^è 






eliminating between the équations (l) and (2), we obtain 



œ 



I6\l+(r/ ' 16 Vu- «7/ 



CHAP. IV. 

ON THB PRESSURE 8U8TAINBD BT THE SURFACES OP VESSl^L» 
CONTAINING FLUIDS^ OR IMMER8BD IN THBM. 

23. SiNCE, if an aperture be any where made inl the 
sides of a vessel containing fluid, acted on by gravity» the 
fluid will escape ; it is clear that the surface of the vessel 
every where sustains a certain pressure. 

24. A surface citn sustain no présure, except in the 
direction of its normal. 

25. The internât pressure on the coats of a vessel, when 
JUled to a certain depth with a fluid acted on by gravity, 
is the same with the external pressure upon it when immeraed 
in th^ same fluid to the same depth.. For the pressure on 
an élément, in either case, is equal to the weight of a vertical 
column, whose base is of the same area with the élément, 
and which extends to the surface of the fluid. Now this 
column is manifestly the same in either case. And this 
beîng true for every élément of the surface, îs true for the 
whole. 



18 

26. Hence it appears, that îf a vessel* be wholly îm- 
mersed, and fiUed with the fluid in yànch it is immersed^ the 
pressures (severally and in the whole) destroy, and hâve no 
tendency to alter its form. And thus, although the actual 
pressure of a fluid (as, for instance, that of the atmosphère) 
be considérable, it bas ho tendency whatever to alter the 
form of a vessel, however fragile, which is wholly immersed 
and filled with it. 

27* Hence, also, if a vessel containing one fluid be im- 
mersed in anôther, the pressure sufttained by that part of its 
sides which is in contact with the contained fluid, and tends 
to disturb its form, is equal to the différence between the 
actual pressure of this fluid, and that which would bave 
been sustained, had the vessel been filled, to the same depth, 
with the fluid in which it is immersed. 

28. The pressure, therefctfe, of fluids on the sides of 
the vessels which contain them, is not materially aifected by 
thè immersion of the vessel aûd fluid in the atmosphère. For 
the actual pressure diflers from that in vacilo, by the pressure-f- 
that would be produced by an equal quantity of air contained 
in the veSfeel. And in ail cases where the forriier pressure 
is appréciable, the latter may be neglected, as compared with 
It. 

29. Since the pressure on any élément of the sides of 
fi vessel containing fluid, is equal to the weight of a vertical 
column of the same fluid of the same depth, and whose ho- 
rizontal section is of the same area, it appears that the pressure 
on the lower parts of it is greater than that on the higher, 
in the proportion of their depth. 

Sincé the ^tùantity of atiy material is a principal dément 
of its strength, it is cleaJr that the lower parts of vessels 
ahould bè of greater thieknéss than the higher. 

* No account is hère taken of the thickness of the vessel. 

t The pressure hère meant is that which arises sîmply from 
the weight of the air considered as a liquid, and is independent 
of its elasticity. 
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Jf the strengtk of ihe material be takèn to vary directly 
AS it8 qua&tity, and any pcMrtion of the containing surbce 
of a vessel be a plane, of which AB (Fig- 5.) is a vertical' 
section, then AA' being the surface of the fluid, and P 
any point in AB, draw PN pèrpendîcular to It, and let 
PN be the thiclcness of thç confainiag substance jufit neces- 
sary to sustain the pressuï^flh P. Draw AC through N; 
then CAB will be a vertical section of the vessel, when its 
thickness is precisely tha^ which is requisitè to support the 
fluid it contains. ÏPor taking any other point P', and drawing 
PM' and P'JV" respectively par^el to PM and PJV, we hâve 

pressure at P _^ PM 
pressure at P PM' 

strength at P PN 
strength at P' *" PN' ' 

PM PN 

but 



PM' P'N'" 

pressure at P strength at P 
pressure at P strength at P' 

« 

but pressure s^t P = strength at P; 
.-. pressure at P' = strength at P'. 

30. Having given the interîor surface of a vessel of fluid, 
to fiod what must be its exterior surface that the pressure 
on every point of it may be proportional to its strength, this 
kst being taken to vary as the quaj^tity of material ii> the 
direction of the pressure. 

Suppose the interior surface, one of révolution about a 
vertical œd«, and let BAQP (Fig. ^.) be a section of the 
vessel made through this axis. Take PQ a normal to the 
interior surface at P; draw PM and QN perpendiculars to 
the mirface OA ot the fluid. 

Let OM^w, PM^y, 

ON= X{ QN^ r. 
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Then, since the pressure is in the tlirection of PQ^ and 
varies as PM, and that the strength is by hypothesis, as PQ, 

PQoc jf= my; 

.-. (X-a>y+iY-yy^mY, ,..,..., (l). 

Also, (^ - <r) = (y - F) tan PQN 

= (y -'y) tan MPK 

-^-"^'i"' (^)- 

Now, since the curve BP is given, we hâve 

Ay = o .,.(3). 

And elimina.ting œ and y between thèse three équations, we 
obtain an équation in JT and F, to the curve by the révolu- 
tion of which about the ^xis of the interior surface the exterior 
is described. 

Since the perimeter of every horizontal section of a surface 
of révolution varies as the corresponding ordinate of the ge- 
nerating curve; since also the pressure upon every point of 
it varies as the abscissa^ it foUows that the pressure on every 
such section will be the same, if the product of the ordinate 
and abscissa of the generating curve be a constant quantity. 
A known property of the rectapgular hyperbola — an asymp- 
tote being taken for the axis of the abscissœ. 

31. Let AS be an jelement of the surface of a vessel, 
p the pressure on any point in it referred to an unit of 
surface. Then, if we consider the pressure to be the sams 
for every point in AS^ it will be represented by p . AS^ and 
that on the whole surface by 2jp . AS. But the pressure 
varies from one point of the vessel to another, however near 
they may be tp each other; the pressure is, therefore, noû 
the same for every point in ASy and 2p . AS does not re- 
présent the true pressure on the sides of the vessel, but con- 
tinually approaches it as AS dimii^shes, attdning it for no 
finite value whatever of that quantity. The true pressure, 
therefore^ is represented by 

fpdS (7). 
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If the âuld be incompressible, and the force be that of 
gravity, considered as constant, 

p ^/Dgdx = Dgz, 

z being measured from the surface; 

.•. pressura = DgJ*»dS» 

Now, if jir^ be the distance of the center of gravity of the 
sur£Eice, or any portion of the surface of the vessel,' from the 
horizontal surface of the fluid, we hâve 

S .z^ =:J*zdS; 
.'. pressure = D.S.gz^ (5). 

32. Hence, therefore, the pressure on the surface, or 
any portion of the surface of a vessel containing fluid, is 
equal to its weight, supposing it of the same density with 
the fluid, multipÛed by the perpendicular depth of its center 
of gravity below the horizontal surface of the fluid. 

33. If, in addition tP the weight of the containéd fluid, 
a force Pg be made to act upon it by means of a piston 
pressing on a surface S\ the pressure on the remainder 
becomes 

34. If the portion of the vessel on which the pressure 
is Tequired to be determined, be an horizontal plane, as, for 
instance, its base, z^ w^l represent its depth. And the ex- 
pression DSgz^ will be the weight of a vertical cylinder or 
prism of fluid continued from its base to its surface. Now 
this is true whatever be the form of the other part of the 
vessel. Vessels, therefore, of whatever form, when fllled to 
the same height with fluid, exert the same pressure on their 
bases, provided those bases be planes in a horizontal position, 
and of the same tnagnitude. And this is true whatever be 
the positions of the bases, provided the vessels be fllled to 
the same height (Zj) above their centers of gravity.* 



m il 



♦ That is, the centers of gravity of their bases. 
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35. It is manife$t9 that if a vessel be whoUy immersed 
in a fluid, and made to revolve about its center of grayity^ 
the pressure on its surface, whether intemally or externally, 
will remain unaltered, ail the terms of the expression D.S * g^^ 
continuing the same. 

« 

36. Of curves, whose length and the positions of whose 

pcÀnts of suspension are given, the center of gravity of the 
caten^y is the lowest; and therefore the pre36ure upon it^ 
when filled with âuid, is the greatest. 

37- If the surface be referred to three co^rdinate planes^ 
generally, 

dœdy 



dS = 



v/(gMiy^ 



dy/ 
pdœdy 






in the case of gravity, 

%dœdy 






pressure ^= g 

^^ \/ (^Y ^ ( 

.dy. 
On the Cetîter of Pre^ms^e. 



38. If a plane surface sustain the pressure of a âuid, 
formîng part of a vessel which contains, or is immersed in 
it, ^or otherwise ; since the various pressures on différent points 
of the plane are perpendîcular to it, they are parallel to one 
another. The point where the résultant of thèse parallel 
forces cuts the plane, is called its center of pressure^ and is 
nianifestly that point to which, if a pressure equal to the whole 
pressure on the plane be applied in an opposite direction, it 
will sustain it, and hold the plane in equilibrium. 

Conceive the plane (Fig. 8.) to be produced to the surface 
of the fluid, and take its intersection with that surface for 
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the axfe of (g), 4nd à Une perpendioular to this drawn in 
the pl«ne itself for the axis of œ. 

Now, generally, if a?j and y^ be co-ordinates of the 
point where the résultant of any number of parallel forces 
applied to a plane perpendioular to their common direction, 
intersects it, and w^ y be co-ordinates of the point of inter- 
section of any one of the forces (p) with the plane, we hâve 



Va 



2py 

2p 



In the case in question, the force p^ or the pressure on 
any élément of the plane is the wèight of a column of fluid 
of the same depth, and whose base is equal in area to the 
élément. The pressure {p) on the. élément dœdy is, there- 
fore, Dgof sin Odœdy^ 9 being the inclination of the plane 
to the surface of the fluid, and therefore œ sin d the depth 
of the point a?, y. Hence, therefore, substituting for {p} 
its value, we hâve 

^ fjDgo^ sin O.dœ .dy _^ jfDa^dxdy 
* ^ J[fDgœ sin Q .dœ.dy JfDœdœdy I 

J^fDgœy sin ddœdy J^Dœydœdy 
^ "" ffDgcû sinOdwdy JfDœdœdy 

If the density be constant, thèse résolve themselves into 

fjaa^dydœ ^ J*œ^ydœ 
^"^ "" ff(Xïdwdy "■ fooydsù 

JJoodxdy ^ fwydœ 

39* The former of thèse expressions coincides with that 
determining the distance of the center of o^illation or per- 
cussion of the plane frpm the axis of (y), supposing it to 
reçoive about that ajtis. Hence, therefore, it appears, that 
if the plane be symmetrical about the axis of ^, îts center 
of pressure and its centers of oscillation and percussion, when 
made to revolve about the axis of y, coincide. 
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40, Jf we measure w from a poîni J5, distant by EU 
( = A), from the intersection of the axis of os with the surface, 
the équation becomes 

(jQ ss • 



y (a? + ft) ydo? 



In the case in which ^D and J5C converge towards CD y 
h must be taken to represent the distance 06, so that OM 
will be represented by A; — ^ ; and we shall hâve for the gê- 
nerai expressions 

_ f(ka^±a^)ydœ f(k±w)^dœ 

'"" f{pi±k)ydœ -^^^^ ^'"" V(^±^)y^'^*' 

41. The quantity is eliminated from ail the abdve 
expressions ; whence it appears that, k remaining the same, the 
position of the center of pressure on the plane is not affected 
by a variation in its inclination to the horizon, and will» 

. therefore, remain the same, if the plane be made td revolve 
through any angle about O as an axis. 

42. If we make k = infinity, 

_fœydœ ./y'^^ 



^i =— TT-TT Vi 



œ 



Jyda> - « Jyd 

which are the known expressions* determining the position 
of the center of gravity. Hence, therefore, it appears, that 
as the plane is sunk deeper in the fluid, its center of pressure 
contînually approaches its center of gravity ; which point, 
however, it never accurately coincides with. 

The center of pressure lies below or above the center 

-. fœ^ydœ + k fœydœ Cœydœ 

of ffravity , accordmg as '^^ , '' % — > or < ^^tt-— — \. 

J œydœ -f kjydœ jydos 

that is, according as {Jod^ydœ) {^J*ydœ) > or < {fœydœYi 
which expression being independent of A;, it appears, that if 
the centre of pressure be in any one position below the centre 
of gravity, it will in every other. 
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Ex. 1. Suppose the plane a trapezoid, of which the pa- 
rallel sides AB and CD (Fig. 9.) are horizontal, produce 
the plane to meet the surface of the fluid in Oy, and the 
sides DA and CB to intersect one another in F. Draw 
OFœ perpendicular to AB and CD\ then is it also perpen- 
dicular to Oy^ since Oy and BA are both horizontal and in 
the same plane, and therefore parallel. Draw PQ parallel 
to Oy^ and let it be represented by y\ let EM^x^ OE^k, 
ABz=za, CB^a, EG^h\ 

.-. by ttJ!^ 



Mftj + aï y 


œ v 


FE ~ «' 


" FE a 


FE + b a' 


h a' 


FE ~ a' 


FE a 


y _ 


l 


ai a 


^m^mm • 


h a 


1 


a 



Hence, 



y 36 (a \ 
a h\a / 

y = -^ . 

Substituting, therefore, for y, its value in the équation (l), 

_ y*(^ + ^^) \^^ "^ ^ (y "^ g)} d^ 
^ "~ j\ai -f Ap) |a6 + x (a'— o)} do? ' 

and taking each intégral, from <r =. to a? = 6, 

"■ 06 (^6^ + kh) -f (a' - a) (\h^ -f ^6**) 

- <g (-*^^ + 6A?6) + (g - g) (36^ + 4 6;fc) 
'^^^ "" 20 (36 -f 6Ap) + (a'~^ojr (4M- 6^)~ 

^ 6^ (3g' 4- g) + 6Ap(4g' + 2g) 
■" 6 (4g' + 2g) + Ac (6g' + 6») 

ft(3a + g) -f 2Ar(2g' + g) 



^1 



= i6 



6(2»' + a) + 3 A; (a' + «) 

D 
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, When k^fsO^ or one side of the plane coïncides with the 
fturfacîe^ we hâve 

, Sa + a 

If a or a equal 0, the trapezoid résolves itself into a 
triangle, with its vertex in the one case upward, and in the 
other downwardy and we hâve 

when Air = 0, thèse become 

^1= f ^j or j?i== ^6. 

If G^ = a, or the trapezoid become a parallelogram, ^ 

- _ 26 + 3A? , - ^ 2- 

a}. = ^b, — : or when Ap = 0, a?, = -f 6. 

^ ^ 6 -h 2A; ^ ^ 

When A: = oc *^ 

- ^2a'4- a 
^ a -{- a 

which is the known expression for the distance of the center 
of gravity from the side AB of the trapezium. It appears, 
therefore, that as the plane descends, the center of pressure 
continually approaches the center of gravity. Also, since 
the whole distance through which its position varies, as the 
side AB descends from the surface of the fluid, is repre- 
sented by 

, _ 3a + a ,. 2a + a 

^ 2a -{' a "* a + a 

1 , a'^ -f 4a a' -f- a^ 

or 26. T-i ; * 

^ ^ ,{a ^ a) (2a + a) 

which is a positive quantity; it follows, that the center of 
pressure is always below the center of gravity, to whatever 
depth the plane be sunk, and lies between that point and 
the point determined by the équation 

_ , ^a -\- a 
^ ^ 2a' -f a 
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It remains now to détermine the distance of the center 
of pressure from the axis Ow. liet MP = tny, MQ = wy. 
Then, recurring to équations (c), we hâve 

The first intégration, performed with 'respect to y^ must 
be taken from y= — wy to y^rny. Hence 

n^ — m* fœifdœ. n-^m Jœt^dœ 
^ 2(n-|-f») Jœydœ 2 J*œydœ 

Substituting for y^ and integrating from a? = to «r s= 6, 

^* "^ 4 ' b{a -i-2a) + 3A;(a-f a) J 

Let a = 0, or let the figure become a triangle with its 
vertex upwards; 

n — m 36 -h 4/p , 

^^ 4 26 -f 3/p 

Let a =s 0, or let the figure be a triangle with its vertex 
downwards. Then, changing the sign of 6, 

» — w 4Ap — 6 

In either case of the triangles, the motion of the center 
of pressure, as the figure descends, is in a right Une, passing 
through the vertex, and inclined to the perpendicular EG 

at an angle whose tangent is — or . — m the case of 

â7| 2 6 

1 1 1 ^1 « — w o . , 

the vertex upwards, and or . -7 m the case of 

6 — a?i 26 

the vertex downwards. It consequently bisects DC 

Let it be required to détermine where a single hoop 
must be fixed to hold together the staves of a barrel filled 
with fluid. The staves being supposed to be similar, and 
each to présent a plane surface to the fluid, and to revolve 
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freely about the hoop, Ai is clear .that the hoop must pass 
through the center of pressure of each, stave. Its distance 
from the top of the barrel will, therefore, be determined 
by the équation 

, , Sa' + a 

(a) and (a') being the lengths of the two ends of a stave. 

Or if (a) be the ratio of the circumferences of the upper 

a 
and lower ends of the cask respectively, since — = o ; 

If the vessel be an upright cône, a ^ 0, and o^^ = ^ 6. 
If it be an inverted cône, a = oc^, and œ^ss^b. 

If the staves be prevented revolving inwards by thebottom 
of the cask, the hoop will be best placed when nearest the 
Une of pressure, but must not be above it. 

Ex. 2. Suppose the plane a parabola. Hère, taking the 

origin at the -vertex, y^c^Jœ, Substituting, therefore, in 
équation (l), we hâve . 

f(œ -f A) i^fœ . dœ 



œ^ = 



_ f{œ^ + kœ^) dœ 



b s 

6^ + S** 



taking the intégral from to a?. Hence, dividing by |cr*. 
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Wh^n Ap = 0, or the vcrtex of the parabola. touches the surface 
of the fluid, 

When Apss oc^y, or the parabola is plunged to an infinité depth 
in the fluid, 

^1 = 1*- 

Hence it appears, that to whatever depth the parabola 
be sunk, the center of pressure always lies below the center 
of gravity, and that its position varies between that point and 

a point distant from the vertex by |^' of the axis, as the 

parabola descends. 

Ex. 3. To find the center of pressure of the quadrant 
of a drcle, the diameter coinciding with the surface of the 
fluid, 

J'ar^ydœ J'arÇar — ar)^dœ 

^ fyxdœ J*x{€^ ^ œ^)^dx 

dP 

Let P=a?(a«-a?-)«; .-. — = (a*- ^«)5- 3a?Va«- o?^)* 

dx 

dP a^ 

4. 4 



a^ 



4- — . circular area îcos (x) rad (a)} -f C ' 

4 



New, C = O ; 



4 

.*. yV (a* — a?)\ dx X -— 5 when <r = a, 



3 



and /xdx y/a^-x^ = - ^ (a-- o?^)* + C = ~; 

3 



»' » X* ^s — -- . TT • Cl» 

^ 16 
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Again, y, - g "p^ = Yfx(a^-a»)hd~œ 



= 1 



« 20* 






, when <r = a, 



On /Ac Resolution of Fluid Pressure^ and the Center 
of Pressure in Curved Surfaces. 

43. Let G (Fig. 10.) be the center of gravi ty of an 
elementary area JT, forming any portion of the surface of 
a vessel sustaining the pressure of a fluid in which it is im- 
mersed, or which it contains. 

Let the area K be supposed a plane. Draw GN per- 
pendicular to the surface of the vessel, and GM to the 
surface of the fluid, and let them meet this surface in A'' 
and Jf. Let / be the inclination of GN to the surface of 

the fluid: then is ( -— /) the inclination of the area JT, 

which is perpendicular to GN^ Now, the pressure of the 
fluid on K is perpendicular to its surface, or in the direction 

GN9 and equal to D . g . GM . K. And of this force, that 

which is effective in^the direction of gravity, is D .g, GM . K 

sin /. But JT sin / = JT cos ( / 1 = JT . cos of inclination 

of K to surface of fluid = projection {K') of K on the surface. 
Therefore the whole pressure on K in the direction of gravity, 

is represented by D . g . GM . JE", or it is equal to the weight 
of an immediately superincumbent column of the fluid. And 
the whole pressure upon the vessel in the direction of gravity 
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is represented by the sum of such columns. And this is 
true, however small the planes {IC)^ and therefore the su- 
peiincumbent columns be taken, that is, faowever near theiv 
sum be made to approach to a volume of fluid superincumbent 
to the whole surface of the vessel, or extending from it to 
the surface of the fluid. 

44. That is, in the case of a vessel containing fluid, 
the vertical pressure is equal to the weight of the fluid 
contained: in the case of a body immersed in fluid, it is 
equal to the weight of the fluid displaced. 

46. Let JT" be the projection of JT on a vertical plane 
anywhere taken in the fluid; and let the projecting surface 
be continued to intersect the opposite side of the vessel in k^ 
then is K" the common projection of the surfaces K and k. 
Now, ît may be shown precisely as in the last case, that 
the pressures on the surfaces K and Ar, perpendicular to the 
plane of projection, are each equal to the weight of a column 
of the saipe height with their common depth GM^ and having 
for its base the common projection JT". 

Thèse pressures are, therefore, equal to one another; 
and being applied to the vessel in opposite directions, they 
destroy. And the same being true for ail other portions 
of it, similarly takei^, it foUows, that ail the horizontal pres- 
sures estimated in directions perpendicular to the plane of 
projection, occur (at the same perpendicular depth) in pairs, 
which mutually destroy: and hence that, not only hâve they 
no tendency, on the whole, to cause motion in the vessel 
perpendicular to this plane ; but farther, that their momenta 
about a horizontal axis parallel to it, severally vanish. Ail 
the conditions of equilibrium, with regard to the plane of 
projection, are therefore fuUy satisfied. Now this plane is 
any vertical plane whatever. Motion does not, therefore, 
take place perpendicular to any such plane, that is, in any 
horizontal direction whatever. In whatever position, there- 
fore, or to whatever depth a body be immersed, the pressure 
of the fluid has no tendency whatever to communicate to it 
a latéral motion. 



32 

46. ' Suppose the portion k of the vessel to bè removéd. 
The horizontal pressures will then, as before, destroy, with 
regard to the rest of the vessel, but on K they will be wholly 
effective, k is hère taken as an indefinitely small portion 
of the surface. Let it be the élément of a finite portion 
which is removed; then will the sum of the pressures on a 
portion of the vessel which has the same projection with the 
portion of it removed, be wholly effective on it in a direction 
perpeudicular to the plane of projection. 

Example. Let it be required to détermine where a square 
aperturé must be made in the side of an upright prisniatic 
vessel of fluid, that it may just be overtunled. 

Let pq (Fig. 14.) be a portion of the surface, of which 
the aperturé PQ is the projection. Then will the {nressure 
sustained by the portion of surface removed from J'Q, be 
wholly effective on pq^ and will be the whole effective force 
on that surface. 

Let ti?^ be the distance of any point (w) in PQ from C. 
Take PQ '= a, CP = cr, AB = 6, CÂ — c. Therefore the 
pressure on an unit at w = Dg (b — .r^). 

Momentum of the pressure on PQ or on pq about A, 
= - Dga/(b - œ) œ^dœ^ 

taking the intégral from a?^ = a? to a?^ = a? H- o, 



= D^a{ 



aar + c^ oe H abœ > . 

3 2 J 



Now, in order that when the aperturé is first made; 

there may just be an equilibrium, this momentum must 

equal that produced about A by the vertical pressure ôf the 
fluid. 
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Calling, therefore, the base of the vessel (Ap), we hâve 

^Z>gA;.6.c = Z>ga{(ar-^6)a?M-o(a-&)^ + ia'}; 

^ . a—b kbc a' 

.'. ar + a —- ,r = 



«-^6 a(2a-b) (8a-|6) 



\2a^b/ - ^ \2a^b/ ^ Sai^a—b)' 

47. The center of pressure of the tvhole of any surface 
sustaining the pressure of a fluid, is determined by the inter- 
section with that surface of a vertical line, passing through 
the center of gravîty of the solid contained by the part of 
it immediately in contact with the fluid. For it has been 
shewn that the vertical pressure of the fluid is identical with 
the weight of such a solid; its résultant passes, therefore, 
through the center of gravity of that solid. Also the hori- 
zontal pressures destroy one another ; the whole eflective force 
is, therefore, the vertical pressure, and an equal and opposite 
pressure applied to the body anywhere in the direction of its 
résultant^ will sustain it. 

Hence, therefore, if a force equal to the weight of the 
fluid contained or the fluid displaced, be applied to the 
point where the vertical, through the center of gravity of 
the fluid contained or displaced, intersects tfie surface, it 
will sustain the body at rest. This point is the center of 
pressure. 

48. Hence, it appears that if the surface sustaining the 
pressure of a fluid be symmetrical about a vertical axis, the 
intersection of that axis with the surface will be its center of 
pressure; and if that point be supported, the whole will be 
m equîlibrio. Thus, a surface of révolution containing a 
fluid will be sustained by a horizont|d plane,, if placed on 
its vertex. Sec &c. 

49. Let ABCD (Fig. 24.) represent a vertical section 
of a vessel containing a fluid in equilibrium. 

Suppose a portion of the surface (projected in AD) to 
be curyed vertioally, so that each horizontal section may be 

E 
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a stra%^ Inie (X) perpendieulu: ta ABCD. It n requircd 
to find the magnitude and direction of the résultant ot the 
forces on ADf tending to cause a motion of translation pa- 
rallel to the plane ABCD. Take Oa^ Oy^ 0«y rectangular 
axes. Let <v, y y x be ctxHrdinates of any point. Now, calling 
da an élément of the curve AD, dœds is the corresponding 
élément of the surface, and Dgxdœda represents the normal 
pressure upon it. Now^ the normal makes- with the vertical 

«i«ngle,wlK«ec« = g. Th«fofe, ««Aved in Ute di- 

rectîons of % and jf, the dementary pressures are respectiirely 

Dgzàâfdf and Dgffdmd», 

Calling» therefore, œ^ and y^ the distances of the résultant 
of the vertical forces from the planes xy and ssœ^ and â^^and x^ 
the distances of the résultant of the horizontal forces from 
the planes xy and œy^ we bave 

fTxœdœdy 
- ' JTxdaày 

^'^ f/»àmêy ~ fXzdp ' 

" Jfàdœdx 

jTfs^dœdx ^fXs^dx 
' JJxdœdx fXxAx 

The forces on Jjp are, tberefore, equivsdent to two, 
acting parallel to the plane ABCD, one at the distance m^ 
from that plane in a vertical direction, and the other acting 
at the distance ar^^ horizontaïïy. Unless, therefore, œ^^^ar^, 
or the directions of thèse forces be in the same plane, no sing^ 
force will sustain them and hold the System in equilibrium; or 
the pressures cannot be reduced ta a single résultant. Tli£ 
résultant is represented by 

Dg{i/k»d9)* + (/X»dzy]i. 
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Tbe CQcnlsMBtes of a point in it ave «^, y^, and «^, deter- 
miiied above; it is in a plane paaraUd to ÂBCDf and its 
ëKddaa makea with tbe vertkal an angle, whoae tangent la 

/Xydy 
f\«dz ' 

It is to be ohserved, that the résultant determined above 
does not represent a farce équivalent to cM the forces impressed 
upcm the surface AD^ but to those only which tend to produce 
a motion of traoalatîon paralld to ABCD. 

50. Let us now consider the case in which the curvature 
is hfBfixontidj and each Tertical section a straîght line. 

Conceive APB (Fig. S6.) to be any horizontal section of 
the vessel. The normal pressure on an élément at P is re- 
presented by DgxdxdSy {as being an dément of die eurve 
ÂB). Besolying this in directions parallel to the planes «œ 
and zy^ it becomes 

_ dy dw 

Dgzdz .de.— and Dgxdz . da . —, 

or Dgzdz.dy and Dgzdz.dœ. 

Taldi^, dierefbre, y^ and x^ for the distances of the ré- 
sultant of the forces parallel to Z9^ from die planes xm 
and wy regpectivdy; and «^, x^^ for the distances of the ré- 
sultant of the forces paralld to xy, from the planes xy and 
ary, we hâve 

_ ff«ydxdy 

^' "" ff^dxdy ' 



«.= 



Jf%d%é9 ' 

^^ ffzwdzim 
' J^fxdwdz 

ffi^dxdic 
*" - Jfzdzdm • 
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Now thèse résultants act in parallel (horizontal) planes 
and their directions are at right angles to ope another. The 
System cannot, therefore, be sustained by any single force, 
unless z = X , 

/ /y 

By intégration we get 



0?. = 



^ fz^dœ ' ^'^ fz'dy' 



J*yz^dz J'œs^dx 

' fyxdz ' " J'œzdz 

Now, by the nature of the surface, œ and y are indepen- 
dent of %% 

yfs^dz œj^dz 

* ' yfzdz ^ " wfzdz '' 

s?* — a 






The surface being taken from the Une of its intersection 
with the plane «ry, Oy being represented by (6), and the 
pressure being supposed to commence wben z^s^a. 

Ex. To fînd at what depth an aperture JVB, of given 
dimensions, must be nmde in a cylindrical vessel of fluid, 
that the effect to turn it over may be a maximum. 

Let h be the whole depth of the fluid. NP = k,PB = a, 
depth of P=::z; therefore, the height of the center of pres- 
sure of NB above the base of the cylinder is represented by 



h 






also the depth of the center of gravi ty of NB = (z-^^k); 
therefore, the pressure upon it is rqpresented by ka (^ — i^r) 
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and the momentum tending to cause the body to revolve 
upon its base 

.-. A(2«-&) -f (3»2-3&» + *0 = niax; 
.-. 2A — 4« + 2& = 0; 

... « = ^(Ai+A). 

We shall now take an eœample of the more gênerai case 
of the center of pressure in curved surfaces. 

A sphère Jilled with water is divided verticalh/ into two 
hémisphères: required the position and magnitude of the 
latéral forces which shall jiist prevent their séparation, 

Let {a) be the radius of a sphère, (Fig. 30.) O its center, 
and (et?, y, %) the co-ordinates of a point P, in its surface.* 
being the origin, and the plane œy being horizontal. Now, 
the pressure on an élément at P, resolved in a direction perpen- 
dicular to the plane ^y, is equal to the weight of a column of 
the same depth with that point, and having for its base the pro- 
jection of the élément on xy\ it is therefore equal to the weight 
of the column {% + a) dzdy. Similarly the pressure resolved 
perpendicular to a?y, = the weight of the column {x -f a) dœdy. 

Calling, therefore, %^ and œ^ the distances of the résult- 
ants of thèse parallel forces from the planes œy and xy respec- 
tively, we hâve 

ffx . (^ + g) dxdy Jf{x'>r(i)œdœdy 

^1 ^ fj{x + o) dxdy ' ^"^ ■" JJ\x + a) dœdy ' 

fJ{î^^ax)dxiy^S\\^^\^^^^\ày, 

^J i ^y^ taken from «=— ^a*— y^ 

to x'=^ -f sjà^ — y^i 
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=f/(«'-îr«)»«ïy=|fj^>* 



-f 



^«* fV 



4 



4^/^4^-'ï)h 



m-0 



== , tàken from y= —a to y = a; 

4 



^(« + a) d/îf dy =/{|«2 H- «âf 4- c} dy , 






^^3 



Tra' taken from y=: ~a toy=a; 



.'. «t = -^= ja. 



4v<i^ 



-/îi«^ -*<«*- ^^-»')* + eîd,. 



_ /•U(a«^y«) 



=/ 



3 



+ 



W-fA^y* 



taken 



from â?tssO toa?^:^^^*— y*, 



=--- 4- ~-., taken from y= — o to y=:o. 



39 



»/|«r, + |^a*-««-i^ + ^^ X 






>A^ 



'**y*]*V <'~î^+- — a C*^' ****°^ ^"^ 



«=0to»=»^o«_^. 



•liv^=i?'+:'*--*l+f(A-^)+., 

— ^, taken j&om y= — a to y=û; 



2a* ira* 



I - 



8 C 4 â ) 

— = a{ — + — y 



v^ 



JUio tbe tesaftaot = \/ /£![fLV -L z.,..^ _ ^^ V «1 



+ (ira»f =r 



Now, this résultant of the forces parallel to the axes of 
« and Wy îs equal to the whole pressure effective în separating 
the hemis^plieres ; and it manilestly acts ûi the phioe xa^ 
smce the surface is symmetrîcal about that plane. Take» 
therefore, m the plane xœ, a point determined by the co-<ir- 
dinates ^^ «aA sr^ . Tlie inta^sectioii of the suiface of the 
sphère, with a Une drawn through this point and the center 
0, will be the center of pressure. 

51. To détermine the conditions of the equllibâuia of 
an embankment or dyke. 

L^ ABC (Fig. 2d.) be a tnuMrrevier section, cf awy 
portion of the dyke, taken to be every where of unifim 
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a 

dimensions. No.w, let the dyke be supposed to be formed 
of solid materials liable only to revolve about the point Ay 
or to slide along the horizontal Une BA, Let P be any 
point, z its depth, 

DN^NP^y, ABz=zk, BD^l 

By (Art. 49.) the vertical and horizontal pressures of 
the fluid on P are respectively represented by 

Dgzdœdy and Dgzdœdx 

and their momenta about A are 

Dgz (k--l + y) dydwj and Dg% (h — %) dœdz. 

Therefore, the whole momenta of the vertical and horizontal 
pressures of the fluid, are 

DgJfx{k'-l-\^y)dydœ^Dg\f{k--l-\'y)zdy and 

I>gf/^ (*-^) dzdw = Dg\ (i*'- JA^)=lZ>é^XA^ 

taking the latter intégral from to h. 

Now, let M represent the area of the section ABC, m 
the horizontal distance of its center of gravity from Aj and 
2>' its density. Its momentum about A will then be repre- 
sented by 

D'g .\. M .m 

and, on the whole, that the equilibrium may obtain about A, 
we must hâve 

Dg\f{k-^l'\-y)«dy-\'D\g,\,M.m^\Dg\h^^O^ 

or, y (A?— /-h y) zdy -\- (T M m^\h^ ^0, 

representing by <r the ratio of the spécifie gravities of the 
solid and fluid. 

It remains for us now to consider the conditions necessary 
to prevent the dyke from sliding horizontally along the plane 
BA. 
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Its weight is D'g\M\ its friction on the plane BA^ will 
therefore be represented by the product of this quantity, 
and a constant (n) to be determined by experiment Also, 
the horizontal pressure of the' fluid is represented by 

Dgffzdœdz = \Dg\h'' 

The remaining condition of equilibrium will therefore be 
expiessed by the équation, 

or, 2o-Jlf« — A* = (2) 

52. Let us apply thèse équations to the case in which 
the section ABCD is a trapezium. (Fig/l5.) Let EF^k' 
CD=b' whole height of the dyke = a; 

.-, M=^a (*r + AO also, by ^? = -, 

z h 



2* "^ Sh' 



= l- — r^h^^ — rr, taken from to A 



.'. by substitution in équation (l), 
^i.Ar.A-g/^A-gA" -hl.éi(A-hA')o-m = 0. 

53. Let us now suppose any portion CMP of the dyke 
CàBy (Fig* 18.) whose side CA is vertical, to be liable to 
reydye about the point jlf . To détermine the form of the 
cune CPBy in the case of equilibrium. 

By équation (1) since in this case l ^ k^ 
fyzdy — gar* + or.3f.m = 0. 



4^ 

X 

where M*fn h the momentum of the area CPM about J/. 
Now the momentum of any ordinate y about that point, 
equals ^jf^; therefore on the wholë, the momentum equals 
^J'j^dx + Af A being the momentum of CDE about the 
point M; 

%fy%dy — g«3 + \(Tf'^d% -^r aA'=^0% 

therefore differentiating 

y%dy — \7?d% + \aif'd% = 0; 

d% 
.'. dy^ + (7^^ — = zd%\ 












^ (7 + 2 s?*^ 



when « = y = oc^^. An embankment according to the 
proposed conditions cannot therefore be formed from the 
very surface of the fluîd. 

Let us now consider the case of an embankment sustaining 
a fluid ôf the class we hâve described as of imperfect fliiidity. 



/' 



Let the Tertical sutface CB, (Fig. S7*) sustain such a 
fluid màss, of earth, sand, or other imperfectly fiuid substance. 
Nôw, it is ohserved, that if any portion CP of this surface 
be removed, a mass, CPMj wiU detatch itself from the test 
and roll down, leaving the surface PM, sensibly a plane, 
varying in its inclination to the vertical with the fluidity 
of the substance, being vertical in the case of a perfectly 
solid body, and horizontal in that of a perfect fluid. For 
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the same substance, whatever be the portion of surface 
removed, the angle CPM is the same; let it be represented 
by ^. Let CP^œ CB^h. 

New, the mass CPM is sustained by the horizontal re- 
action of the surface CPy and by its friction on the surface 
PMj and its cohésion with it. Of thèse two last forces, 
the one is prc^rtional to the vertical pressure on Pjlf, and 
the other to the area of that surface. Call Pg the hori- 
zontal pressure on CP, Resolved in the direction of Pjlf, 
and perpendicular to that direction this becomes Pg sin. ^, 
and Pg COS. 0. 

Also the weight of CPM = \g^^* tan . J9, and resolving 
this similiarity^ it becomes \gî)(x^ sin. ^ and \gDiV^ tan. 
sin. <Py also PM = œ sec. 0. Therefore, taking y for the 
coefficient of the cohésion and (/) of the friction, we hâve 

Psin.0 -f P/cos. + ^g2>a?^/tan0.sin.0 

4- yœ sec. <p — \gDa^ sin. = 0; 

^ gPœ^ sin. ^ ^ gDœ^ftaxi. . sin. — 7<r sec. 
"" sin. + /cos. (j) 

Now, in a practical application of this formula, we may 
neglect the term / cos. 0, by which we shall favor the stability. 
Thus we shall obtain 

«v^sec. d) 
P = i^D^(l-/tan.^)-:L_2 (1); 

difierentiating équation (1), we obtain for the incrément of 
horizontal pressure, 

•vsecd) 
ffDa^ f 1 — / tan d>) dw — ' , J da?; 
** ^ "^ ^ sm0 

The mom^tum therefore of the whole pressure, about A^ 
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=y (A — œ) ïgDx (1 - /tan 0) do? ^ 7^"^ ^J 
which taken from o^ = to â? = A gives 

caDing therefore, D'.M.m.g, the momentum of ABCD ; 

S4. To detennine the form of the curve DQA, any 
portion CPQ of the dyke being supposed liable to revolve 
about Q. Let PQ = y. Now, the distance of a vertical 
through the eenter of gravity of CPQ from P, equals 

^ fydœ ' 
and th^efore from Q it equals 

and therefore the momentum about 

.-. 2yy/ydd;-42y/y*da.= i2>(l-./tan0)^^:||^a.^ 
whence by difierentiation and réduction we obtain 

by the solution of which équation the curve DQA is determined. 
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On the Surfaces ofjkœible Ve^aek eontaining Fluid. 

By a well known property of flexible curves, when the 
impressed force is perpendicular to the curve, (calling T the 
tension and R the radius of curvature) T is constant; and 

T 

the pressure at any point is represented by -^ . 

R 

55. Conceive a vessel to be formed of a séries of hori- 
zontal flexible annuli. The pressure on every point in the 
drcumference of each of thèse will be represented by the 
same quantity, viz. xg, where % is the depth, and g is the 
force of gravity, the density being unity ; 

.-. il = — . 

The radius of curvature at every point in each annulus 
is therefore the same, or each annulus is a circle, and the 
whole, a surface of révolution. 

If we take the case of a vertical plane curve sustaining 
the pressure of a fluid ; as in the former case, we shall hâve 

«=— ; 

T being constant, and x the variable ordinate to the curve. 
From the above équation, the nature of the curve may be 
determined. 

56. To find the curve into which a flexible line will 
form itself, when sustaining at every point the pressure of 
a fluid mass, and acted upon by a force everywhere parallel 
to itself. 

Let P represent the pressure of the fluid, and Q the 
force impressed on the curve at any point P, (Fig* 7*) 

Let AM = œ, MP = y, 

the axis of y being parallel to the direction of the force Q- 
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The pressure of the âuid is perpendicular to the eurve ; 

resolved therefore in the direction of œ and y it becomes 

dy dtV 

P . — and P . -- . The whole pressures on the élément 
as ds 

da resolved in thèse directions, are, therefore, 

P .-^ .ds and (P-^ + O) ds, 
d9 \ ds / 

or P 'dy and (^Pdœ + Qd«). 

Now, by a weU known property of the funicular polygon, 
ail the forces impressed on any branch AP of the curve, if 
applied at P, would be in equilibrium with the tension (7^) 
at that point. 

dw 
Hence, therefore, fPdy -|- T —= (l) 

/(Pdw + Qds) - T ^ = (2). 

DifFerentiating the above équations, and multiplying the 
differential of the former by dy and that of the latter by 
div, and adding, we obtain 

Pds^ + Qdwds + T -^ ; ^ = 0. 

ds 

Multiplying the differential of the former by dœj and of the 
latter by dy, and subtracting, 

— Qd«dy + d r . d« = 0; 

or calling R the radius of curvature, 

dx^ 



(p + q£)r + t=.o. 



- Qdy + d T = 0. 
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Differentiating the former of thèse équations, eliminating d T^ 
and reducing, we obtain the équation 

PdR .da-^Q.dR.ds-^ RdPdê + 2 Qdyds + Rdœd Q == Ô. 

Suppose the force P to be constant, and Q to vanish, as 
when the curve is horizontal and the fluid acted upon by 
the force of gravity. Then, sînce Q=bO and dP = o, 

PdR . d« = ; 
.. dR^O: 
therefore R is constant, or the curve is a circle. 

Next, let the force Q be supposed to vanish, 

PdRds + RdPds = 0; 
.*• PR =ss {7. 

If the curve be taken in a vertical plane, and the force 
P be that of gravity, we hâve P « <rgy ; , 

••• gUy = C, 

or yc^jj- 
lf Q be oonsîdered constant, as, for instance, the weight 
of an élément of the containing surface =a mg, the gênerai 
équation becomes 

<yydRds H- mdRdx -f- aRdyds + 2mdyd8 = 0. 
Now, ds being constant, 

R = -~-^; .'. dyda = Rd^œ\ 

a w 

.-. cydRda + a Rdyds + mdRdâf-^mRd^of^mdyds^O. 
Integrating on the supposition that (ds) is constant, 
(T Rjfds + mRdoB + myds = Adê ; 
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eliminating X, 

cydyda + mdafdp + myd'at =t Ad'w^ 

•'• i*?'*'* + mydo! = Âd0 + Bd»:. 
ftom «hence we readny obtain 



V(^-«»yr-(i<r»»-5)»* 



* This particular case may be solved immediately firom the équa- 
tions (1) and (2). Substituting the values of P and Q, we get 

« 

déÊ 

g'fydi, + r-y- = 0, 



ds 

and gf^^y dx + i»rf j) — T -^ = 0. 



d^ 



^<ri 



Performing the intégration indicated. in the fonner équation^ we faave 

the constant B being determined by the value of the tension and the 
direction of the curvature^ when ^ = 0. 

Eliminating T, (i«-^— B) dy + dxf{fTi^dx + mds) = 
.*. difièrentiating 

a linear équation^ 

-wiÇy + yJ) 
{».'(y+^)«-(|,r/-B)»jt 
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A third constant will be introduced by this last intégra- 
tion. To détermine thèse constants, we may observe, that when 
^=0, â?=:0; and that the length of the curve and the distance 
of the points of suspension are given. 

If we make or = 0, 

which is the équation to the common catenary. 
If m = 0, 



jjt'o) — 



^A'-i^ay'-Br' 



which is the common équation to the velinary curve, the weight 
of the coataining surface being neglected. 



CHAR V. 

ON THB EQUILIBRIUM OF FL0ATIN6 B0DIE8. 

57- A HEAVY body immersed in a fluid being pressed 
downwards by forces, the sum of which is represented by 
its weight, and upwards by forces whose sum is equal to 
the weight of the fluid displaced, cannot be sustained; first, 
unless the sums of thèse forces when thus severally taken 
t(^ther be equal to one another; and secondly, uidess the 
directions of their résultants coincide*. 



* Since ît is a necessary condition to the equilibrium of a System 
acted upon by any number of forces, that the sum of those forces 
when estimated in any given direction, should' be zéro; and that 
being compoimded into any two résultants^ the directions of thèse 
should be in the same straight line. 

G 
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From the first condition^ it foUows that the weight of a 
floating body equals that of the fluid it displaces. 

From the second, that (since the vertical pressures on 
the différent points of the surface immersed, are precisely 
analogous to the weights of a system of columns, forming 
together the part of the solid which is immersed, and the 
résultants of the two therefore coincide) ; the center of gravity 
of the body and of the part of it immersed, are in the same 
vertical Une. 

Thèse conditions are also auffident to the equilibrium, 
for they manifestly establish it with regard to the vertical 
forces on the system, and it has been shewn that the 
horizontal pressures respectively destroy one another in 
every position of the body. 

58. Let M be the volume of a solid, D its denaity, 
M' the volume of the part of it immersed when it floats in 
equilibrium, in a fluid whose density is D'. 

Then, since MDg is the weight or downward pressure 
of the body, and M jy g^ that /of the fluid it displaces, we 
hâve by the first condition of equilibrium 

M.D^M' ,D' [fi) 

If the body be whoUy plunged in the fluid, M^ ^= Mj 
and, therefore, D' = D, 

If it be t)nly partially immersed, M'<M\ and, therefore, 

ït is, therefore, in ail cases necessary to the equilibrium, 
thàt the density of the body be 7ix>t less than that of the 
fluid in which it is immersed. 

59. Generally the forces by which the body is urged 
upwards and downwards are respectively represented by MjD 
and M'D'; it will therefore ascend, or remain at rest, or 
descend, according as 
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tbat is, if the body be wholly plunged, according as 

ly >^ <D. 

In the first case it will ascend until a portion of it 
has emerged, and the equality M^D' = MD being at length 
established, Ihe moving force ceases and it eventually floats 
at rest. In the last case it will descend continually. 

If the body be placed on the surface of the fluid, and 
2)' = 2>, it will descend until the whole of it is immersed, 
when M' If being equal to JfX), the moving force will cease ; 
and being projected with the velocity acquired in its descent, 
it wiU proceed in the direction of projection until its motion 
has been wholly destroyed by the résistance of the fluid, and 
it rests suspended. 

If 2>'>A the equality M'D'^MD will be established, 
and the moving force destroyed, before the body is entirely 
immersed. By the velocity acquired in its descent, it will 
however be projected beyond the position of equilibrium, 
and M'D' becoming <MD^ a velocity will eventually be 
generated in an opposite direction, and the body will oscillate 
on the surface until ail motion is destroyed by the continuai 
résistance of the fluid. 

60. If the fluid be of uniform density, and D be taken 
to represent the mean density of the body, so that MDg may 
represent its weight as before, we shall hâve 

MD = M'D\ 

If the floating body be bollow, the mean density is that 
quantity which being multiplied by its bulk, taken externally, 
will equal its weight. 

If, therefore, it be admitted that a given portion of material 
can be so disposed as to be of any given extemal bulk, then, 
(so far as this condition of equilibrium is concerned,) it appears 
that any such portion of matter can be made to float. It 
is a further condition of the equilibrium, that the solid con- 
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tained by the surface actually immersed, should hâve its 
center of gravity m the same vertical Une mth that of the 
vessel. 

61. If the body be symmetrîcal about a certain axis, 
that is, if it be such, that being.cut transversely by* any 
plane përpendicular to that axis, the center of gravity of 
the section may lie in the axis; it is évident that the cen- 
ter of gravity of the whole solid, and of either of the parts 
eut oS, will also lie in the axis. If, therefore, the solid be 
immersed with its axis vertical, the center of gravity of the 
whole and of the part immersed, will lie in the same vertical, 
viz. the axis; and the second condition of equilibrium will 
be satisfied to whatever depth it be sunk. 

Ex. Let the body immersed be a sphère of uniform 
density, it is évident from what has been said above, that 
it will âoat in any position; now by the first condition of 
equilibrium, we hâve, if AM (Fig. l6.) = a?, PM = y (^P 
being the lowest point of immersion,) rad. = a 

I . Dwa' = Ulirfy'dœ 

= If irji^aœ — œ^)dw 

or, if o* = the ratio of the spécifie gravities of the solid and 
fluid, which is the same with that of their densities, we hâve 

œ^ — Saœ^ -|- 4 . cr . a' = 0. 

By the solution of which cubic équation œ is known. 

It is manifest, that, since, as the body descends, the quan- 
tity of fluid it displaces increases, whilst its weight remains 
the same ; there can but be one position thus found, in which 
the weight of the one can equal that of the other. 
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If the sphère be loaded with a weight (u), we shall 
hâve 

to simplify the expression, suppose the weight to equal that 
of a sphère, of the same density with the solid whose 
radius is a; 

.-. I Dira? + I Dira' ^ D'iriaaf" - Ja?') ; 

.-. \<T{a? + a*) = am^ — -J^. 

- New, let it be required to détermine what must be the 
value of (a), that œ may be a minimum. Or in other words, 
to find that sphère of a given density which will support a 
given weight, and sink to the least possible depth. Diffe- 
rentiating with respect to (a), 

dx dx 

4oV = or + ^aœ^ ^ t~9 

da da 

and makmg -— = 0, smce ofis a mimmum, 

da 

w = ±2a,y^. 

Differentiating again, 

dw dof /dw\^ 

Saa = 2j?— - + 2œ-— + 2a ( -- ) 
da da \da/ 

d^œ /dœ\^ ^d^œ 

and substituting for a?, 

dcr 

d^œ _ ^sf^ 

'* da^ a{± 1— >^) 
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Now <r, and therefore ^a is essentially less than unity, 



therefore ^^ is positive or négative, according as the positive 
da 

or négative sign is taken. The positive sign, therefore, cor- 
responds to a minimum, and we hâve 

.-. 8a^(l — or*) = 4a'; 



a = 



^Hi-a^y 



Ex. 2. Having given the whole quantity of the materials 
and lading of a rectangular vessel, the part of which, in 
contact with the âuid in which it âoats, is to be cased with 
a given surface of copper, it is required to détermine the 
dimensions of this last part, that the depth to which the 
vessel sinks may be a maximum. 

Let œ and y be the edges of the base of the vessel, and 
z the depth of immersion. Then is the surface immersed 
represented by 

œy + 2%af + 2iîfy. 

If, therefore, (c) be the given surface of copper, . 

œy + 2ssœ + ^%y = c. 

Also, if (m) represent the whole quantity of material and 
lading, and D its mean density, 

œy%D = mDj 
œy% = mo*; 



%œ 



+ 2%x = c^ 



(-+-) 



or, mal — H — 1 + 2%.v = c. 
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Now, since « is a maximum, 

dœ 



2ma 

+ 2» = 0; 



a?« 



mer 
•*• ^ = — r » 



whence by substitution and réduction, 

â?' — ca? H- 4mo' = 0; 

the roots of which équation détermine the maximum and mini- 
mum, values of the function. 

Ail the roots are possible if c> 3 (Smor)}, two are impos- 
sible if this be not the case. 

Ex. 3. In the above example the quantity of material 
and lading being given, it is required to détermine the dimen- 
rions of the vessel, that the copper sheathing to be used, or 
the surface exposed to :the action of the fluid, may be a 
minimum. 

Hère wyz = wo*, 

«nd try + 2a?sf + 2gx ^ minimum; 

therefore, mor { — + — | + 2iJfa? = minimum ; 

therefore, differentiating with respect to x and ^, 

ma 
_ + 2a? = 0, 

Z" 

9,m<j 
r- H- 2» = 0; 
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therefore by substitution, 

h 2ir = 0,« 

ma 

— (2mflr)* + 2^ = 0, 
^(2«»flr)^y — ma = 0; 

I 

■ 

y = (2mflr)^. 

The base of the vessel is therefore a square, and the depth 
to which it sinks is equal to one half the side of its base. 

Ex. 4. To find to what depth an ellipsoid will sjbnk, 
with its major axis in a vertical position. 

Let a, 6, c be the semi axes of the ellipsoid, x^ y, % the 
co-ordinates of any point in it^ and as the distance of the 
surface of the fluid from its center; 



(t)' -(!)'-©'=■• 



Now, a horizontal section of the figure through the point 
(a?, y, z) is an ellipse, in which y, % are the co-ordinates of 
that point from its center. Also, 



£ — : 1 ~ 1 . 



52 ' c* 



h c 

therefore - («* — a?*)i, and - (a* — a?*)* 

€b a 



are the semi axes of this ellipse ; 
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and ^ (a« - ^«) 
or 



is its «r^ : 



tfaerefore» tW part ûnmeriaed » •^~. f(a^ ^ âp'^)ds 

takîng the intégral from w^ to a. 

Now the whole content of the eUipsoid is 

3 wabc; 



irbc 



o« 



.-. a?/ — 8aV — 2a*(2(r — 1) = 0; 

which eqimtion not involving b and c, it is clear that œ^ is 
independent of those quantitiei», and therefore the aame for 
a given Talue of (a), whatever relation exist between them, 
or, it is the same for the eOipsoid, spheroid^ and sphère. 

It is clear that the above belongs to what is termed the 
irredudUe case of the cufaic équation, since 

{2a'(2a - 1)}« -• ^^^^ = l6aV((r - 1,) 

and that a being esaentiaUy less than unity» this expression is 
négative. Hence, therefore, it appears that ail its roots are 
real. 

To obtain theni) let 



cos 



Sa'(2<r — 1)^ 



See Francœur Cours de Mathematics, Art. 550. 

H 
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then, a?^ = 2 « cos ^ 0, 

we shall obtain the three values of œ^ by substituting in thî^ 
last équation, the quantities ^, -f 2 tt, + 4 tt, obtaîned 
from the former. It is clear that but (me of thèse roots 
can answer the conditions of the question. The two others 
give values of œ^ greater than a. 

Thus, if we take a ^^ \i the values of (p are 

TT 57r 9w 

"2" "i"' X' 

and the corresponding values of œ^ are a^J S^ — a ^J % 0> of 
whiçh the two former are greater than (a). The last is 
nianifestly that which solvés the problem. 

Where a given weight is to be sustained, it is clear that 
a given quantity of fluid must be displaced. Of ail floating 
bodies therefore, that, the part of which immersed is of a 
spherical form, will sustain a given weight exposing the 
leâst surface to the action of the fluid. ' 

62. If the fluid be of unlimited extent, it is évident that 
thç portion of it displaced by a vessel of finite magnitude, 
can hâve no sensible efiect in increasing the altitude of it» 
surface. Whereas, if the volume of the fluid displaced be 
finite, as compared with its whole mass, (or rather, as com- 
paxed with that portion of it which lies above a horizontal 
plane, passing through the lowest point of the body immersed), 
iheii will the immersion hâve a finite efiPect in elevating thé 
surface, and consequently in altering thé position of the plane 
of flotation. 

Ex. To find the depth to which a paraboloid of révolu- 
tion will sink in a cylindrîcal ¥essel of fluid. 

Let D and jD' be the densities of the solid and fluid. 
K the area of the base of the cylinder, . K' that of the 
base of the paraboloid. iJV, (Fig. 17.) = a. jDC, the altitude 
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tit which the fluid stood before the immersion^ s &« The 
area of the plane of fiotation PQ = k^ MN = (|, DF^ ^ œ, 

Now, the volume of the paraboloid AN 

= \K'a, that of PN = \ka ; 

therefore, Jby the first condition of equilibrium, 

and since the whole quanti ty of fluid is the same as before 
thé immersion, 

Kœ-\ka^ Kb-, 

therefore, Kiyœ • ^ArlTa = KD'h, 

and therefore, KD'œ - ^ JT'l^a = JTD'i ; 

therefore, ^r = ô + ^a . ' . 

AU that has been stated with regard to the conditions 
of the equilibrium of floating bodies, applies equally whether 
the density of the body or fluid be uniform or not. In the 
case of variable density, the weight of the fluid displaced is 
represented by J*D'dM' ; and that of the solid, by jDdM. 
The second condition becomes, therefore, 

(T .fDdM^fLfdM'% 

the one intégral being taken throughout the solid, and the 
other, with regard only to that portion of it which is immersed. 

Ex. How deep will a sphère of given uniform density 
sink, when immersed in a fluid whose density varies as its 
depth J?, (Fig. 16.) the surface of the fluid; C the center 
of the sphère, 

BM = A', MP = y, radius = a. 
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Now, the upward pressure on thè body, equds the weigbt 
of the fluld ; which, if ît wére l'emoved, wouM occupy the 
space at présent fiUed by it. 

Take the sphère itself to represent thîs portion of the 
fluid, then iry^ is a horizontal section ; and iry^dx an élément 
of ît. Also, the density of this section is everywhere the same. 
Let it be represetited by aœ^ where a = density fX distance 
unity; 

.'. weight of élément = irgat^œdœ'^ 
whole weight of fluid displaced = giraf'i^œdwn 

^ Now if BC-ky 

.-. weight =x gairj'{a^ — (ft — œy\ œdœ, 

Integrating this équation between the limits (Je + a) and 
(k — a), we get for the whole weight of the fluid displaced, 

\gira^ak. 

Now if /3 be the density of the soUd, its weight is 

ig'tra^fi', 
when therefore there is an equilîbrium, 

•*• f» -■— *"— • 
a 

That is, k equals the ratio of the spécifie gravity of the 
solid to that of the fluid, at distance unity. Since fi^ka 
= density of the fluid abôut the center c of thé sphère, it 
appears that the equilibrium will take place when the density 
of the sphère is the same with that of the fluid about its 
center. 
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The above is a particular case of the following gênerai 
property. A body, of any form whaiever, will be in equi- 
librium in a fluid whose density yaries as the distance from 
its surface, when it is immersed to such a depth, that its 
density is equal to that of the fluid about its center of gravity. 
Taking dM to represent an élément of the yolume of the fluid 
displaced) at the depth «y its density wiU be represented by 
ax, and therefore the quantity of matter displaced by axdm; 
therefore, the whole quantity of matter displaced, equals 
afzdM; or, calling «^ the depth of the center of gravity, 
we hâve for the whole quantity of fluid matter displaced, 

.-. ax^M =ss ji.M; 

.-. a«r^ = /3. 

New, ax^ represents the density about the center of gravity 
of the body. Therefore, the density of the fluid about the 
center of gravity of the body, is equal to that of the body 
itself. 

s 

It remains for us now to consider some of the cases 
involving both conditions of equilibrium. 

63. If the body be prismatic or cylindrical, (or in other 
words, if it be generated by the motion of a plane surface 
perpendicular to itself), and immersed so that its axis may 
be horizontal, or its two extremities in a vertical position; 
it is evidait that into whatever position it be turned, its 
center of gravity and that of the part of it immersed lie in 
the same vertical section, and in fact coindde with the center 
of gravity of that section and the part of it immersed. And 
further, the ratio of the mass of the whole to that of the 
part immersed is the same in both cases, the conditions of 
equilibrium are therefore the same in every respect. And 
the détermination of the positions of the equilibrium of a 
body taken as above, reduces itself to the détermination of 
the positions of equilibrium of one of its generating sections. 



62 

64. Ex. Let us take the case of a triangular prism, 
and consider one of its angles as immersed; by what bas been 
said before, it appears that the conditions of equiKbrium are 
the same as in the triangle. 

Let ABC, (Fig. âl.) be a triangular section of the prism. 
Now, it may occur that owe, or two of the vertices are 
immersed; we shall deduce the conditions in the latter case 
from those of the former. 

Let a, b, c be the sides of the triangle opposite to the 
angles A,B, C; and a?, y the sides AP and AQ of the part 
of it immersed; 

.-. AABC =: ^bc.sinAj 
A AQP = ^wy .sinA; 
.'. ^bc * sin A. D = ^œy .smA.lX; 

or, if or = the ratio of the spécifie gravities, and therefore of 
the densities. 

bca = âey (l). 

Bisect the bases BC and PQ, in M and m; and take 
JfJf'equal to one third of MA^ and mrn to one third of mA^ 
then are Jf ' and mf the centers of gravity of ABC and APQ 
respectively. And when there is an equilibrium, the Une M' m 
is vertical or perpendicular to PQ. 

Now, since AM and A m are divided in Jlf' and m\ in 
the same ratio it follows that Mm is parallel to M'm^ and 
therefore perpendicular to PQ^\ hence JlfP and MQ, are equal. 
And reciprocally if thèse Unes be equal ; Mm^ and its parallel 
M'm are perpendicular to PQ. It is therefore necessary 
and sufficient to the equilibrium, that MP should equal MQ,. 
Now, if MAP = /3, MAQ, = 7, and AM = h, 

MP^ = h^^2h.vcos(i 4- ^-, 

J|fQ2 = A« ^ 2hy cosy + y^ 

/. ar^ — 2A^cos/3 = y^ — 2hycosy (2). 
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The équations (l) and (S) détermine the quantities x and y^ 
and involve the solution of the problem. Eliminating (y) 
and reducing, we obtain 

a?* — 2 A . cos /3 a;' + 2 hcha . cos «y . jr — cr^fe^c' = 0. 

or, since A = bcosfi = ccos'y; 

.-. ^* — 2ôcos^/3.a?^ + 9,bc^(TCO^^y.x — <r^6-c^ = 0^ (3). 

If the two angles B and C be immersed, since the centers 
of gravity, of the whole triangle ABC^ and its parts BCPQ 
and APQ are in the same straight Une, and that the line 
joining the two first points is perpendicular to PQ, it folio ws 
that the line M' m joining the first and last, is also per- 
pendicular to PQ, The équation (2) therefore remains; 
w and y being taken to represent the distances AP and ^Q,. 
measured from the angle which is not immersed. 



Also, ABC . <r = BQPC, 



= ABC - AQP; 



.-. AQP = ABC.(l -cr>; 

or, «ry = ô . c . (l — cr), 

which differs from équation (l) in this, that (l — a) is sub- 
stitute for (o-). With this change therefore, the élimination 
will be the same as that of the équations (l) and (2), and 
we hâve 

«*-26cos^/3^4-2ftc«(l-.(r)cos27.a?-(l-.<r)*6V = 0...(4). 

Now, every équation of eyen dimensions whose last term 
is négative, has at least two possible roots, of whibh one is 
positive and the other négative, the équation has therefore 
at least one positive root; the two remaining roots may be 
real or imaginary. If the four roots of the équation are 
real, it follows according to Descarte^s rule of signs, that three 
of them are positive and the fourth négative; for whether 
we suppose the evanescent term of the équation (O.a?*) to 
hâve the sign + or — , we shall find three changes, and one 
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continuation of sign. Hence it follows, since the values of 
œ and y are essentially positive, that at the utmost the équa- 
tion cannot indicate more than three roots corresponding to 
différent positions of equilibrium. 

The roots satisfying the conditions are further limited 
to such as being positive and less than 6, give by substitution 
values of y^ which are also positive and less than e. Since 
it is manifestly necessary that w and y should be less than 
b and c respectiv^y. 

What has been said wîth regard to the number of possible^ 
roots, applies to both the équations (3) and (4). It appears 
therefore, that for every angle and for every two angles of 
the triangle, there are three; and therefore on the whole, 
eighteen possible positions of equilibrium. 

Let us take the case of an equilateral triangle. Hère 
j3 = 7 = 30®, and a = 6 = c ; 
therefore, by équation (5), we hâve 

(jjB^ — y2) ^ 2Acos30 (^ — ^) = 0, 

(a? — y) {a? -h y — -gacos^SO} = 0, 






also by (l), œy = aàr* 

Thèse équations are satisfied by taking 

w :=y = a y^; 

and «ince «r and therefore ^a is < 1, this vaiue of w aad y 
is possible according to the conditions of the question, and 
indicates an actual position of equilibrium. The équations 
are farther satisfied by taking 

Sa 
wy = a^<r, 
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whence we obtaia values of « and y alterni^tely represented 
by the formula 

4 

in the case of two angles being immersed, this becomes 

^{s±^/9- 16(1-0-)}; 

or, -{3 + ^Jl6(r - l\ . 

New, that the values of the first formula may be real 
and less than (a), it is necessary first that l6o- should be 

< =9 or <r< = — , 
and secondly that 

r 

s/ 9 •— l6(r should be < = 1 or, cr = > ^, 
since if this last condition be not satisâed, 

will exceed 4, and one of the quantities a? and y will be greater 
than (a). The limits therefore of the values of o-, so that 
the equilibrium may obtain in an obUque position of the tri- 
angle, and when one angle is immersed, are 

— and -r 
2 16 

and sûnilarly the limits when two angles are immersed, are 

—- and -. 
16 2 

In order that the whole eighteen possible positions of 
equilibrium may therefore obtain, we must hâve 0-5=^, and 
<rbeing without the limits 

7 9 

— r and — 9 
16 16 

die triangle will not rest in any other than its vertical positions^ 

I 
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65. . An . irregular area - floats upon a fluid, the part 
immersed being triangular. It is required to détermine the 
boundary of that portion of it which, in its révolution about 
its center of gravity, will always be above the surface of 
the fluid: or, in other words, to fînd the curve to which 
the Une of dotation will always be a tangent. 

In any position of the area KJCBj (Fig. 19.) let PQ 
be the line of flotation. Draw MN paxallel to CB. Let 
the whole area =-4, CM^œ^ MN^y^ AC^a^ BC = by 
CP=^a, CQ = /3; and let a represent the ratio of the spécifie 
gravity of the solid to that of the fiuid. 

Byzi^, -^ = ^ (1). 

Also by the iirst condition of equilibrium, which is satisfied 
in every position of the body^ since no vertical motion i» 
supposed to take place, 

•^a/3 sînC = -4(r; 

2 ô 

a a a—'ûff a 



fi é(r y 4c* 

Differentiating (by the method of parameters) with regard 
to the arbitrary constant a, 



• • 



1 _ a^ 

y "~ 2c« 

a = — ; 

y 

and by substitution in équation (l), 

2c* 0? _ c* 

.-. . wy = c% 



(2) 
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the known équation to a rectangular hyperbola, By élimina- 
tion in équation (l), we obtain œ^ssi^a; therefore by similar 
triangles, 

66. To détermine the positions of the equilibrium of 
an area taken as above. 

AC and BC being taken as before for the axes of <r and 
y, let ^ be, the inclination of the normal at N, or of the 
vertical, to CA. Also, let œ^^ and y^^ be the rectangular 
co-ordinates ot N; 

.-. a?^^ = a?4-y cos C, 

y,, = ysinC; 

dv 

w^ l + ^^cçsC 
dâ; dx • 
.\ tan <6 = — -j— ^ = — ;; ; 

dœ 

but xy^é (1); 

dy é 



dx x^ * 

x^ — c" cos C 

.-. tan0 = . (2). 

^ c* sin C ^ "^ 

Also, if Cg be taken =§CJV, g will be the center of 
gravity of the triangle PCQ* The co-ordinates of this point, 
taken parallel. to AC and BC, are therefore ^x and ^y. 
Let 6? be the center of gravity of the figure. The line Gg 
will therefore be vertical, or perpendicular to PQ, when the 
body is in its position of equilibrium; and hence, calling x^ 
and y^ the co-ordinates of 6, and observing that the inclination 
of Gg to AC is represented by xf>j we hâve for the équation 
to G g. 



2 sin / 2 \ 



or 
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2 iaïi(f) 



y-^y=7; 



S sin C — tan . cos C 



y^é-^y ^^^* 



eliminating (y) and (tan (pi) between the équations (l), (2) 
and (3), 

2 c* d?^ — c^cos C / 2 \ 
V = -r 1 œ — -^a? I ; 

whence, by réduction, we obtain 

s s ' 
a?* — - (^,+y, cosC)a?^-h -(y, + <2?^cos C) c^x — c* = o (4). 

The value of a?, obtained from this équation, being sub- 
stituted in (2), the value of <p or the inclination of the side 
A.C to thé vertical is known. 

If the line» joining C and G bisect the angle ACB, 
drawing GH parallel to BC, it is clear that 

CH^HG, or a?^ = y^. 

The gênerai équation becomes, therefore, 

S 3 

^*- - ^, + ^s Q a?5 + -a?^(i + cos C) c^^ — c* = 0, 

or a?* — c* — Sa? .a?.(a?^ — (r).cos^ — = 0; 

.*. 0?^ — c* = 0, 

C 

and a/^ + c^ — 3(37 .0? cos^— = V 

2 

The first équation gives, by substitution in équation (2), 

^ 2 

Whence it appears, that the figure is in equilibrium when 
CG is in a vertical position. 
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From the second équation we obtain 

If we draw GI at rîght angles to CJy and represent CI 
by ^, we shall hâve 

h = CG cos — = 2œ, cos^ ~: 

2 ' 2 

4 — ^ 16 
or, substituting for c its value. 



4 16 2 sm C 

Ex. Suppose the figure a sector of a circle : 

. C 

sin — 

4 2 

Hère CG = - a . : 

3 C 

.ce 

sm — cos — 
,4 2 2 2 sin C 

,'. /i = '^ 6( . ^ — — — ss^/z . 

3 c 3 c . 

Also, A^z-^a^Ci 

2 

. ^ l sinC . /l ,sin«C 1 . Ccr 
2 C'^^4 C« 4 8mC 



1 sinC 
= ^a — ~ 

2 C 



^{' ± v/- (^c)''| ■ 



An oblique, position of equilibrium îs therefore impossible, 
uoless 

/ C \^ /sin C\3 
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67- If the figure be a rectangle, one angle of which 

only îs immersed. Making C = ^ în the gênerai équation 

(4), and taking âr^ and y^ respectively equal to the halves 
of the sides a and b of the rectangle, we hâve 

I 

0?*— - aat^ + ^bc^œ — c* = ; 
4 4 

from which équation the value of is determined by substi- 
tution in (2). 

Thîs équation must hâve at least one positive and one 
négative joot. It may hâve three positive and one négative 
root. There cannot, therefore, be more than three positions 
of equilibrium with one angle immersed. 

68. if the ûgure AKBC be inverted, so that the part 
not immersed may l>e in every position a triangle, the con- 
ditions of equilibrium are determined by substituting (l — a) 
for (a) in the gênerai équation (4). For the first condition 
of equiUbrium' is satisfied when 

Area PQBKA = A.a, 
or when A — PQC = -4.0-, 
or when PQC = -4 (l — cr), 

which is the same with the first condition in the former case^ 
(l — cr) being substituted for cr* 

Also, the second condition of equilibrium is the satne 
in both cases. For if g' be the center of gravity of the part 
PKBQy it is clear that the center of gravity G of the whole 
will be in the line gg'; g' G is therefore perpendicular to 
PQ when Gg is perpendicular to PQ, 

69. To détermine, the conditions of the equilibrium of 
an area, the lower part of which is a rectangular parallelogram, 
two angles of which are immersed. 
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PQ (Fig. 22.) the line of flotation; M the center of 
gravity of the whole area ACDB ( = A)^ and m that of ^Q, 
the part immersed : 

AB=^2aj JP = X, JÎQ = V. 

Draw MN and mn perpendiculars on ACf and join Jfm. 
Suppose the body in a position of equilibrium, then is Mm 
perpendicular to PQ. 

New, 



AQ.mn^Ar.--AB + PrQ, ^PVy 

2 3 

= 2o*X + îo«(X'-X), 

= ^o«(2X' + X). 



Also, A(l.An-AV.''BV-\-PVQ..BV + ^V(iy 

= oX* + -o(X'-X) (X' + 2X), 

3 

= ^(X'*+XX' + \*), 
Now, j<Q = J<r ; 



.% mn 



Let the angle ARM^ whîch AC makes wîth the vertical, 
be represented by ©; . 

... X'- X = 2a tan FPQ :=2o tan 0; 

also a (V + X) = -^Q = ^ . cr. 
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Let =:2c; 

a 

.-. X' = c -H atand, 
X = c — atan^; 



.-. mn xs — (3c -h a tan S) ; 
3c 



and ^n = ~(3c^ + a^ tan-^J. 
oc 



Let AN=:w^ MN=y/, 

_ _. mn — ifiST 

.'. tan0 = taximMa = -rt^;^ z — ; 

AN— An 



— (3c + a tan 6) — y, 
.-. tan0= 



^ -^i-(3e« +anan^0) 
oc 



whence by réduction we obtain ; 



'. tan^0 4- ]— ^ + gitane 4- ^ , ^^^ 



= 



If a Une drawn through M parallel to AC, bisect AB 
.-. tan'0 +A-7r s- + 2>tan0 = 0; 



.*. tan = 0; 



tan 



/} LA /dcm S<f 



o* a« 



If the whole figure be a rectangle, c ^ ba and /r = « 6 
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tHèrefore^ tand ^ 4: V— r (!-«') — *• 

The équation tandasO, indiçages à verticld position, 
The last équation gives an oblique position with the following 
conditions. Ist, That the radical be not imaginary. 2nd, 
That the cprresponding values of X and X' be positive* And 
3rd, That they be less than b. 

The first condition gives 

— -(l-cr)>=2, 
a 

or, <x«-<r =<-3 jë; 

or, a-i<=Vi-3Jï- 

The second gives, 

ba -^ a tan >0; 
or, 6V >36V(1 - <r)-2a^ 



The third condition gives by a similar process, 

5 ./s '^ 

It is clear that the third condition is involved in the 
second. 

In the case of the square ft = 2 o, we hâve therefope for 
the conditioris of oblique equilibrium, 



1» 



K 



Now, <T doeB not lie between - wid - , since m that ( 
ff ^ - would be less thsn i - - or - ; contrary to the second c 

8 2 8 B , 

dition. a is therefore greater than - or.less than - . 



70. To détermine the angle Mmk, (Fig. 20.) at which 
the Une Mm is inclined to the vertical in any given position 
of the figure ; 

— (Sc + aim0) — y, 
tan MSK = tan mM/i = — ^-^ 



î _ — (3c' + a*tan*0) 



6c (a — y) + ïa* tan 
- 6ca;^ — Se' — o'tan*0 

tan Mmk = tan (0 — MSK) 

^ - 6c{a - «) + sa'tanfl 

tan a — — r-— % — tt- 

ocaii — Se' — «*tan*y 

~ 6c(a — y,)tan0 + So*tan'0 

^ "*" 6c<s,— 30* -a^tan^â 

■ _ — ffl'tan'g + (6c<p ,-3c'— 2ffl' )tanfl-6c(g — y,) 
~ o'tan*^ + 6c (« - y^tanô + Stfar, - 3c* ' 

ra the figura is synunetrical a =» y, ; 

— a't&n^B + 6cx — 3c* — 2»'^ 

.•. t«nAri»« = tanS. j- — r^ ^ —ï • 

a*tan*e + Dca" — Se' 
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If a?^ = - c, 
' 2 

tan ilfmAp = ^ = - (tand + Scotô). . 

tané> 

As the body revolyes through its successive positions of 
equilibrium, the angle Mmk vanishes. -Between each two 
successive positions of equilibrium, there is» therefore^ some 
position in which this angle is a maximum. In the last case 
ghren above, the angle Mmk is a maximum when tan Q as ^^^2. 

71. To detarmine the force Pg which applied horizontally 
and in the plane of the figure at the given point j>, will 
produce an equilibrium at a given inclination B of the axis 
Mil to the vertical. 

Let a and /3 be the co-ordinates of p from M on the axis 
MpLj qp the direction of the f(»*ce on p ; 

.-. Px Mq^ D.A. Mky 

D being the density of the fluid. - 

Now, Mq = aco60 + /3sin0; 

. also, 1^ = (mn - JfAT)* -h (AN-^Any 
^ {6c(a ^ y^ -f 2a^tan»P + {Sc{^œ, ^ c) ^ o^tan^flp 

Ax^Mmk = {1 + cot^ilfuiAp} -^ 

_ ^ g^ tan^ g 4- 6c (o — y^ tan g + Scj^œ^ — c) V 

" ^ (-a*tan*0-f (6cj?^-Sc^-2a«)tan0-6c(a-y^)5 ' 

Nôw, Jlf A? = Mm sin ilf mft ; 

A.D 



P = 



6e(a COS0 + fi sin 6) 



C fl^tan^g + 6c(q — y,) tan g -t- 3c (20?^ — c) |^> 
^ "^ ( — a^tan'g + (6câ?^-8c*-2a*)ta»0 + 6c(«"!/>5 * 

» ■ 
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If the body be symmetrical, or a = y^ 

A.D 

P^ >~ 

60(aco8d + /3âné)> 

c 4g*tan*g+^3c(2g,-c)-o*tan'e^' ^^ 

V "*"**** l - a*tan*a + 6c^^ - Sc* - go'J ) 
When is exceeding small, 

P = 4^ (6c», - 3c* - 2o*) 0. 
oco 

The force requisite to cause différent areas t^ken as aboye> 
to revolve through the same exceeding smàll aûglè 9, varies 
therefore, as 

-^ — (6caf^ - Se* - 2a^), 
oca 

which quantity may be taken as a measure of their stability. 

The maximum value of P represents the force necessary to 
retain the body in that position in which the point m is most 
distant from the vertical, through M. Any t^ditional force, 
therefore, or the velocity communicated by the continuai action 
of tjiis through any preyious period, will cause it to revolve 
beyond that position ; and (since the distmice of the point (ni) 
from the vertical afterwards diminishes), à fortiori through 
every succeeding position until passing through its next posi- 
tion of equilibrium, the point m fallç on thi^ opposite side 
of the vertical, and the force P h augmented by the pressure 
of the fiuid. The motion of the body is therefore continued, 
until it attains its next ppptioA of equiUbrium in an inverted 
position. The maximum value of P, is therefore, that force 
which is requisite to overtum the body. 

72. To find the positions pf equilibrium of a cône. 

Let mn (Fig- 31.) be the plane oi dotation when the 
cône îs in its position of eqUilferium. Take CG equal to 



77 

^ths of the axis CD. Draw Ck to the center of the plane 
of flotation mn, and take Cg equal to ^ths of Ck. Then 
are G and g the centers of gravity of the cônes ACB and 
i»C», and Gg is perpendicular to mn. Also, Dk is parallel 
to (7^, (CCr and C^ beihg respectively ^ths of CD and 
Ck)\ therefore Dk is perpendiddar to mn. And 

fnAp ss An ; .*. Dm =5 Dn. 

Let AD=:BD = c, Aà^CBzr^ay JCB = (i, 

CfnssWy Cn:s:y; 

é Q CD" 4a*- c« 

.-. CD^=^a!^ , and CD cos- = -— - = — ;; . 

4' 2 4C 4a 

Now, jDm =^ Dn ; 

i3 — ô 

.-. a^ — 2â?. CjD. cosî^ = s*— 2y . CD. cos j; 

2 * 



.-. oï^— s* — â(j^— y) . CD . coa^ sa 04 

2 
.'. a? — 9 = 0, (1) 

• 

and w + y — 2 . CD . cos — = ; 

4a* — c* 

••• ^+y=^ g^ ■ («)• 



Volume of cône Cwn s= j^- . 1 - J = - cos— sin*~ Çvy) f 

3 /3 \y ' 3 2 2 



and volume of ÂCB^^ aiu* Ç cos ^ . a' ; 

3 2 2 



,'. œysza^a^, , (3). 
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Ther^fere, from the first of the équations^ 
From the second and third^ 

4a 






CHAR VL 

ON TH^ STABILITY OP PLOATING BOBIBS. 

73. If a body fioating in equilibrium, and displacingr 
therefore a quantity of fluid of the same weîght with îtself, 
and having its center of gravity in the same vertical line 
with thât of the part of it inmiersed, be elevated or depressed 
through any given space, and at the same time made to 
revolve about its center of gravity through any given angle, 
so that its weight may be other than that of the fluid it 
displaces, and the center of gravity of the part immersed with- 
out the vertical line through its center of gravity : the equî- 
librium will manifestly be destroyed. The question of stability 
consists in determining whether the body, when left to itself 
under thèse circumstances, will continually recède further from 
its position of equilibrium, or oscillate about and eventually 
recover it. 

We shall in the following investigation confine ourselves to 
the case in which the first condition of equilibrium may be 
supposed to be satisfied in every position the body is made to 
assume, or its weight constantly to equal that of the fluid it 
displaces. 
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Def. The plane of flotation is the section of a floating 
body made by iJie horizontal surface of the fluid on which 
it floats. 

74. If the floating body be homogeneous, the center of 
gràvity of the whole is above that of the fluid displaeed, 
which in this case coincides with thàt of the portion of it 
immersed. If the dehsity of the lower portion be greater 
than that of the higher, the center of gravity of the body 
may lie below that of the fluid displaced. In fact, it is 
évident that the center of gravity of the body may always 
be brought below that of the fluid displaced, by diminishing 
the density of its superior portion and increasing that of the 
inferior. 

75. If there be a plane, with regard to which the parts 
of a body are symmetrical, any portion of it eut off by 
another plane perpendicular to the former will be symmetrical 
with regard to the same plane. Whence it follows, that, if 
a body thus symmetrical with regard to a certain plane, be 
partially immersed in a fluid, that plane being vertical; the 
part immersed (or eut off by the horizontal surface of the 
fluid) will also be symmetrical with regard to that plane; 
and the center of gravity of the body itself and (in every 
position) of the part immersed will lie in it. For as many 
such planes, therefore, as can be taken in a body, there is 
àt least one position of equilibrium. 

76. Let AVB (Fig. 23.) be the section of a floating body 
made by a vertical plane, about which it is symmetrical ; 
and let motion be communîcated to it in a direction parallel 
to that plane. 

Now, the rotatory motion of the body about its center 
of gravity is the same as though that point were at rest, 
and the same, forces applied. 

Conceive the center of gravity M of the body to be fixed ; 
and let n be the center of gravity of the part immersed, 
and'ifjr and nX; yerticals through M and n. Now, when 
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the bgdy h in a position of equilibrium, the point n h in 
the vertical MK, Conceive it to revolve out of such a po-^ 
sition about the point M. Then it is clear, that if the point 
n move in the same direction with the body in respect to 
MKf the teildency of the pressure of the fluid oii n wiU be 
to continue itâ révolution; but if the motion of n be ndth 
respect to MK in a direbtioti ccntra/ry to that of the térty* 
hxticfû of the body, its tendiency will be to check the revo^ 
lution about ikf, and bring the body back to its former |k)sition 
of equilibrium. 

If, therefore, a force be made so to act upon the body 
as to move it ever so slightly from its position of equilibrium, 
and then to cease: in the case we hâve first mentioned, tfae 
motion about M will be continued and continually accelerated, 
and in the other retarded and eventually destroyed. in the 
one case, the position out of which the body has revolvéd 
is said to be a position of instable, and in the other of stable 
equilibrium. , 

r 

77- 1^9 whilât the disturbatice h exceedilig slight, the 
point n remain at rest, or move wholly in thé vertical MJSTj 
it h clear that the predsure of the fluid will hâve na téndency 
either tb restbfe the body to its position of equilibrium, ôt 
to cm^ it to rWolve faHiher from it. The equilibriom iéy 
in thiis case^ said to be ônè of indifférence. H^he diâturbaûcfe 
being, however, continued; this cai^ê will résolve itself into 
one of the former, or into a fourth case, in which the motion 
ôf tfae pofot n is in the same direction from the vertical, 
whatever be the direction of the révolution of the body. It 
îs clèar that in this last case the body will still farther recède 
from its position of equilibrium, or reinstate itself according 
as the disturbance is in the given direction of the motion 
of fif or in the^ opposite direction; and thus in one direction 
the equilibrium will be stable, and in the other unstable. The 
equilibrium may in this case be said to be of mixed stability. 

If thé révolution be in either of the above cases continued^ 
the distance of the point n from MK mrill at length hâve 
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attained a maximum value; after passing through which it 
will diminish, and ultimately again vanidi*, when the center 
of gravity of the body and of the part immersed being again 
in the same vertic^, there is a second position of equilibrium. 
The révolution bdng still farther continued in the same di- 
rection; if zéro be not a minimum value of the function 
expressing the distance mn, the point n will pass to the 
opposite side of the vertical, and mn will again increase 
negatively with regard to its former value until the function 
has attained its minimum, when n will again approach the 
vertical and cross it, the body passing through its third 
position of equilibrium. 

If zéro be a minimum value of mn, the motion of n will 
be to the same side of the vertical as before, or the position 
is one of mixed equilibrium. 

78. As the body passes through two successive positions, 
in which the point n crosses the vertical^ the motion of that 
point is in opposite directions, and is therefore altemately 
in the same direction with the révolution of the body, and 
in the contrary direction; or the positions are one of them 
unstable and the other stable. 

If the second position be one of mixed equilibrium, the 
point n will not cross the ver^cal. If therefore, in the 
succeeding position it cross it, it will cross it in the same 
direction as it would hâve done immediately from its first 
position. The first and third positions are, therefore, in this 
case, one of them stable and the other unstable; and generally 
the positions immediately preceding and foUowing one or any 
number of mixed equilibriums, are of altemate stability. 
Hence it foUows, that the positions of stable and unstable 
equHïbrium 'occur altemately^ although the converse of this 



* It Is clear that the value of mn will (under ail circumstances) 
vanish when the body has revolved back into its first position. 
The curve, which is the locus of «, either cuts the vertical 
therefore^ or touches it. f 

L 



proposition, viz. that the poriHom of equUibrium are aU&r?^ 
natdy stable and tmsiable*^ cannot be affinaed. 

79. Let P^Q^ and PQ be respectively the positions of 
the plane of dotation when the body is in equilibrium, and 
when it has been made to revolve about its^ center of gravity 
through a small angle Mp.n( = 0), Now, 

soUd PrQ=;=solid PTQ'; 

therefore, taking away the common part PClÇ[Vy 

The plane P^Q[ having been horizontal, and therefore per- 
pendicular to the plane PVQ,\ also, the motion having taken 
place wholly in a direction parallel to this last plane, it 
follows that the plane PQ[ still remains perpendicular to it. 
The pUpea PQ and P'Q'v and thei^ common intersection 
00^ are therefore perpendicular to PTQ. 

Now, if we take M to represent the constant volume of 
the part immersed, M . mn represents the momentum^ of 

* This law of stabîlity îs that commpnly given in works on 
Hydrostatîcs. The foUowing proof is supposed to establish it 

Let the body be made to revolve out of one position of 
stable equilibrium into another. Now^ îmmediately adjacent to 
its first position^ its tendency is to retum to ît, or to«dieck the 
révolution; and immediately adjacent to its second position^ its 
tendency is from the first position^ or to continue the révolution : 
and this tendency to révolution clearly passes through every degree 
of magnitude; there is; therefore^ some întermedîate position^ in 
passing through which it changes its direction and vanishes: and 
this position is one of unstable equilibrium. But it dbes not fbllow 
that between the two fîrst positions there is not some (Aher position^ 
in passing through which the tendency to révolution vanishes wîth' 
oui changing its direction^ Such . a position is clearly one of mixed 
equilibrium. 

The above proof establishes the law given in the text, and no 
more. 
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PVQ about a plane «y perpendieular to the plane JPFQ, 
aQd therefore parallel «to OC/ ; 

.-. if . wn =r mom". PC/QT + mom". QC/tf. 

Now, let JV 1)6 die center of grayity of the soDd P^VQf; 
.-. M . n^^ =s: mam'^. P&QfV + mom'". PC/P^; 

.-. if . n«] = mom". QC/Q! - mom"". PO'/»'. 

Now, since the solids QÔCt and POP^ are equal, the 
différence of their momenta with regard to a vertical plane 
in a given j^ièsition, wlll not vary, if we suppose that plane 
to move parallel to itself into any other given position; for 
it is clear that their momenta (being represented by their 
masses multiplied by the distances of their oenters of gravity 
from that plane) will both be increased or diminished by 

the same quantity in such motion. Hence, therefore, M.n^n 
equals the diffiereoce of the momenta ojf POF and QOQ^ 
about a vertical plane through OC/. 

Let ad' be an élément of QfïQl contained by planes per- 
pendicular to PVQy and paraïlel to it; then is the solid 
content of ad' represented by 

at?' X aft = - (fic + a(f) aa' . a6, 

=»-* {ac + ae') cd' . sin cos 0; 

2 

« 

therefore, momentum of ad' about a vertical phne through 
= - (oc -f ac'Y . cd! . sm9 cos* 0, 

4 

=3 (mom°^. of inertia of plane cd') . sin cos^ ; 
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therefore, momentum QO^ 

t 

= (mom". of inertia of plane Q'OO') . sin $ cos^ 0. 

Similarly, 
mcMn"*. POP^ = - (mom". of inertia of plane P^OC/) . sin cos* © ; 

.-. Mn^n = (mom"*. of inertia of plane P'Q') . sin 9 cos* 0. 
Also, 

solid adf = -* (ac -f ac) . ccT . sin cos 0, 

= (mom"*. of cet about OO^) . sin cos ; 
therefore, whole solid QOiï = (mom". tfOC/) . sin . cos 9. 

Similarly, 

soUd POP'z:: - (mom'". POC/) . sin . cos 0; 

.-, (mom"". Q'OO') sin cos = - (mom°^. P^OO^ . sin . cos ; 
.-. mom*". tfO(y -f mom*". POC/ = 0; 

therefore OC/ passes through the center of gravity of the 
plane P'Q'. 

Let now / represent the momentum of inertia of the plane 
jP'Q' about the axis OC/, thus passing through its center 
of gravity. 



.'. nn = — sin . cos* 9 ; 
M 

.-. NfjL = — cos* 0. 
M 



And if MN be represented by a, 

MfjL = — cos* 9 + a^ 
M 

the sign + being taken according as the center of gravity of 
the body lies above or below that of the part of it immersed. 
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Since is exceeding small, cos s 1 ; 

••. Mfi = -^ + a. 

Now, if the point n^ move to that dde of MK towards 
which the body is revolving, it is clear that fi will lie below 3f , 
orilf/ibe négative; and if to the other side, positive. The 

equilibrium is therefore stable or unstable, according &S7- T a 

is positive or négative. If M/jl = 0^ the equilibrium belongs 
to the ambiguous case which is said to be indiffèrent, but 
may in fact be stable, unstable, or mixed. 

80. If the part of the body immersed be a solid of 
révolution, and the center of gravity of the whole lie in its 
axis, it will be eut symmetricàlly by any vertical plane 
through that point; and in whatever direction the disturbance 
takes place, the conditions we hâve assumed will be satisfied. 

Now, in this case, the plane of dotation will be a circle, 
and the axis of rotation 0(/ its diameter. If, therefore, 
the radius of the plane of dotation be represented by (a), then 

/ = - 9ra* and Ma = — ^ + a. 
4 ^ 4ilf 

Ex. To détermine the stability of a cône when floating 
vertically. 

Let a and a^ be the radii of the base and plane of Cota- 
tion respectively, and b and b^ their distances from the vertex. 
Ând first,l3uppose the cône to float with its vertex downwards. 
The distances of the centers of gravity of the whole, and the 
part immersed from the vertex, are then respectively 

S S 3 

^b and «-fc : .-.a = -(6—6). 

4 4 ' 4^ '^ 

Also, the whole and part immersed being similar cônes, 
are to one another as the cubes of the radii of their bases, 
or.of their altitudes; 
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Now, M ^—ira^h^y 

3 ' ' 



and the négative sign is to be taken, since the center of gravîty 
of the body clearly Kes above that of the part immersed; 

.-. M,i = - — i j (6 - b) 

Sujqiose the cône to fioat with its base downwards. We 
hâve tfaem as before, since the whole cône and the portion 
above the surface of the fiuid are similar solids ; 

Âlso, the distance of the center of gravity of the frustrum 
immersed, from the vertex 

- i*lzA* 

ab*-b* s^ 

... AfM = -ji—-L __(__) J, - (1 -,)-. 6 
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Stt|q[me a SI i; theffefiwe, in the first case, 

S 

4» 

The equilibriumis therefore stable, indiffinrent^ or unstfble, 
according as 

In tbe second case, 

and the stability is dépendant on the conditions, 

From the above it appears that if in the second posi- 
tion the equilibrium be stable, it is unstable in the opposite 
position. 

Ex. 2. Let the body be a parabolmd immersed with its 
vertex downwards, axis = a, radius of base = h ; and let a^ 
and h^ be sîmilarly taken with regard to the part immersed; 

2 

2 ' ' 2 
also, -^ = --- == parameter = 2 c ; 

=:C- -6(1 - x/^. 



88 



The stability is theréfore detenmned by the conditions 






81. If the body or the part of it immersed, be generated 
by the motion of a plane perpendicular to itself, and be so 
immersed that the generating plane may be in a vertical posi- 
tion, the plane of flotation will be a rectangular parallèle- 
gram; and it is clear that the conditions supposed, will be 
satisfied for a motion parallel to either of its sides*. Let 
thèse be represented by b and c, and let the motion take place 
parallel to the side b ; 

, cb^ 
.-. / = — , 

cb^ 

Ex. Let it be required to find the stability of a. rectan- 
gular parallelopipedon floating vertically on a fluid. The 
direction of disturbance being parallel to one of its sides. 

Take a, 6, c to represènt the edges of the parallelopipedon, 
(a) being vertical. Let a^ represènt the depth to which the 
body sinks, and \ h the distance of its center of gravity from 
its base. 

Then, a = \h — \o,^y 

and M = a fie = abca ; 
cb^ , 

and a^ = â^er; 



* Provided only the center of gravity of the whole be in the plane 
about which the part immersed is symmetrical. 
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and the stability is detennined by the conditions, 

A < = > ^— + acr. 
oa(r 

If the body be of uniform deftsity^ A = a, the conditions 
of equilibrium are, therefore, 

a < = > - — + atTy 
oatr 

or, ^.) > = < ^6(t(1 -(t). 

For the cube, we hâve 

1 . /T 

The conditions which hâve been shewn to obtain in the 
vertical position of the parallelopipedon, apply in a converse 
order to the oblique positions of equilibrium on each side of it. 

Generally, where the body is symmetrical, the oblique 
positions inunediately adjacent on each side, to its vertical 
position of equilibrium, are clearly similar and of the same 
stability. In cases where such oblique positions are possible*, 
the intervening vertical position is therefore not one of mixed 
stability, since the positions immediately preceding and follow- 
ing such a position, are of opposite stability. 

' - • » * 

It has been shewn that . the equilibrium of a cube in ah 
oblique position is impossible, unles3 



~:=<N/i. 



Now, thèse are precisely the conditions, which obtaining, the 
vertical position is unstable or indiffèrent; if therefore, the 

_ r 

^^ ^ig_n _ I -Il n I - j i , ---- ! -- , . ji - Il - ■ . p. ■ 1 ■ ■ r u i ^ . .. . . .. 

* Unless they be both of indiffèrent stability. j 

M ■ 
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vertical position of the cube bé not one of indifférence, the 
oblique positions are stable. 

We hâve hitherto supposed the body to be symmetrical 
about a certain plane, that plane to be vertical when the 
body is in its position of equilibrium, and the motion corn- 
municated to be such as to cause it to remain vertical during 
the body's révolution. On which hypothesis the motion of 
the center of gravity of the part immersed takes pla;ice 
whoUy within it. 

82. Let us now take the more général case, in which 
the motion of the point (n) is otherwise than in a vertical 
plane through M. 

Let P^VQ (Fig. 23.) be that vertical section of the body 
through lié center of gravity Jlf, which is perpendicular to 
the intersection 0(y of the planes of flotation PQ and P'Q'. 
The plane P'VQ is therefore perpendicular to P'Q': But 
MN is perpendicular to P'Q' ; therefore, MN is in the plane 
P'VQ. Let n be the projection of the center of gravity of 
the part immersed on this plane, and through n draw the 
vertical nfi. 

Now it is clear, that the tendency of the pressure of 
the fliiid will be to check the rotation about the axis jlf y, 
or to continue it ; that is, to diminish the angle d, made 
by the planes PQ and P'Q\ or increase it according as the 
center of gravity of the part immersed, or its projection n 
lies in the same direction from the plane »y, with the révo- 
lution of the body, or in the opposite direction. When left 
to itself, therefore, the motion of the body will be to diminish 
the angle 0, or to increase ît, according as M/i is positive, 
or négative. 

Now predsely as before, ît may be shewn that 

where / is the momentum of inertia of the plane P'tf about 
the axis 0(/. If N and JV' be respectively the momenta about 
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tbe principal axes of the plane P'Q'i and yf/ the angle made 
by 0(y with the axis of greatest momentum, then 

/ = JV^cos*^ + JST'sin*^; 

, - N C08* ylr + N* sin* ylf _ 

.-. MfJi = i— rr: ^ + a. 

Jlf 

83. If this quantity be essentially positive, whatever be 
the value of ^^, it foUows, that in every position which the 
body can assume when left to itself, the tendency of the 
pressure of the fluid will be to check its further motion ; it 
will therefore again be brought to rest, and its equilibrium 
is stable. And similarly, if M/ul be négative for every value 
of yj/^ the pressure, into whatever position the body may be 
brought, will be to continue its motion, or the equilibrium 
is tmstable. But if for certain values of >//, M/ul be négative, 
and for other values positive, there are certain directions of 
disturbance in which the equilibrium is stable, and certain 
others in which it is unstable: and the body, when left to 
itself, may eventually pass into a position in which the sign 
of Mfi is changed, so that its motion may at first be to 
retum to its position of equilibrium, and then, before it 
attains that position, to recède again from it, and conversely. 
The equilibrium is, therefore, in this case, doubtfuL 

Now it is clear, that if M/ul or ( TT + « ) be positive for 

the minimum value of /, it is positive for every other value : 
and if it be négative for the maximum value, it is négative 
for every other value. 

We, in fact, therefore détermine whether a body be stable 
or unstable under every possible circumstance, by considering 
its stability with respect to motion, perpendicular to the prin- 
cipal axes of its plane of flotation. It is stable in every 
direction, if stable with regard to that axis about which the 
momentum is a minimum: it is unstable in every direction, 
if unstable with regard te that about which it is a maximum- 
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If. the equilibrium be doubtful, an axis mày be taken, 
for which Mfx vanishes, or ahout which the equilibrium 
may be mixed. To détermine this axis, we shall hâve 

N (cos* yjf + N' sin* yfr 

. , ./N-Ma 

Thus, in tbe case in which the body is generated by 
the motion of a plane perpendicular to itself, 

84. If ft and ft be the values of Mu in référence to 
the principal axes of the plane of dotation, we shall hâve 



N' _ 






AT co s^ >/. 4- Jy^ sin^ >/. ,.,.,, 

.-. i— r^: ' + a =: fjL cos'^ Y H" M sm^ yf/ ; 

therefore, generally, 

MjuL = M cos^ V' "^" m' sin^ >/f. 

From which it is clear (as above) that, if fi and jul hâve 
the «am^ sign, the equilibrium is in every direction stable 
or unstable, according as that sign is positive or négative : 
and that if they hâve différent signs^ there are certain di- 
rections in which it is stable, and others in which it is 
unstable. 

Ex. 1. To détermine generally the stability of a rect- 
angular parallelopipedon. 
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Hère the principal axes of the plane of flotation are clearly 
parallel to the sides; 

6« 1 

c* 1 

m' = — ^ - (* - aa) ; 

_ . 6* cos' ^ + c' (dn* >t 1 „ 
'"' ^^ ^^ Tiïï; - 5(A-aa). 

If the horizontal section of the figure be a square, 

6 = c, and M/ul = (A*-aor) ; 

12a<r 2 

or the stability is the same, whatever be the direction of the 

disturbance. 

Ex. 2. To détermine the stability of an ellipsoid. 

Calling Oy 6, c the axes (of which c is vertical), and «v 
the distance of the plane of flotation from the centre, we hâve 
(see Poisson, Mech, Art. 115.) 

_ S (c + o?)* 

AIso, the semi-axes of the plane of flotation are 

l(/^a^)^, and ?(c*-^)4; 
c c 



4 

1 7ro6' 



4 c 



,-(c*-^T- 
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4 

Also, M =• •'irabccr; 

3 



1 ab^ 



4 c* "^ ^ S (c 4- ^) 

4 , 4 (âc + o?) 

-rirabcc ^ 

16 cV^ ^ 4 (2c + a?) 
Similarly, 

16 cV ^ 4 (2c + 0?) 

.-. J/m = \. 3 (a' cos' ^ + 6 sin*^) - - ^ ^ 



l6cV ^ ^^ 4 (2c + 0?) 

The value of œ is determined by the équation 

^-.3a?c^ + 2c^(l ~2cr) = 0. 

If (7==^, a? = 0, or the plane of flotation coïncides with a 
principal section of the ellipse; 



3 (a^ cos^ ylf^-h^ sin' >!/) 3 
.-. Mfl = -^^ ^— r ^ c^. 



.2 ^ 

"Sc 8 



... ^ = l;(a«-c«), m'=,7(6^-c^). 

oC oC 

If, therefore, c be the least of the three axes, the equî- 
librium is stable in every direction. If it be less than onc 
axis and greater than the other, it is doubtful. 
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CHAR VII. 



ON THB OSCILLATIONS OF FLOATINO B0DIB8. 

85. The motion of the center of gravity of a body or 
System of bodies, is the same as though the whole mass were 
coUected in it, and the forces applied to the whole were made 
to act directly upon it. 

Now, the forces impressed upon a flôating body are its 
weight and the pressure of the fluid, both of which are in 
a vertical direction. If, therefore, it be moved from its posi- 
tion of equilibrium through any space and then left to itself, 
no velocity having first been communicated to it, the motion 
of its center of gravity will be wholly in a vertical direction. 

Suppose the body PVQ (Fig. 23'.) after having revolved 
through an angle about its center of gravity M to descend 
until its plane of dotation is P"Q". 

Let S equal the volume of the solid, ^ the descent P"p 
of the center of gravity, and 2>, 1/ the densities of the solid 
and fluid ; therefore the impressed moving force 



^sDg^-F'vd'.iy.g 



^S.D.g^M ^^ PQl'.D'g 



= ^Pd'.iy.g; 

aiso the momentum of the effective forces is represented by 



S.D. 



dfi' 
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.-. 5'./). 3= -T^.iy.g; 

df 



Now, if the oscillation be exceeding small, calling K the 
area of the plane of flotation, P^'Q^' or P'Q'. 

'df~ 'W^' 

(a) being the height of the center of gravity above îts position 
of equilibrium at the beginning of the motion, or its depth 
below it; 






'=^^.y—©' 



\Kg. 



When ^ = 0, 



^ = ««»(:^ ■*■ 



/^A* t-"^ 
\1^) •*"%• 



It appears then that the time of the body's passîng from 
its greatest distance to its position of equilibrium, is 
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and this expression being independent of (a) it foUows, that, 
whatever the greatest distance may be, the time is the same ; 
and'that the oscillations are isochronous. Also that the time 
of an oscillation, or the time during which a body continues 
to ascend or descend^ is represented by 



( 






Ex. Suppose the body a paraboloid of révolution. Let 
a be its axis, and 6 the radius of its base; also let y be 
the radius of the plane of dotation ; 

.-. S ^ ^irab^\ 

also, — = — ; 
œ a 

.-. y* = fcV; ^ 

.'. K = Trb* y/aî 
therefore, time of vertical oscillation 



=t\AP 



06^, 



6*. *- -* 




VO-.^ff.g 



(f,)'-*- 



TT 

86. Suppose the oscillation to be finite, and let the motion 
of the body be wholly in a vertical direction ; 

"de ^J M ' 

Ex. 1. Let the body be a cylinder. Then K is con- 
stant î 

"d? w 

N 
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i^hence prôceeding exactly as in thé case of small oscillatioïisy 
we find that a cylinder, to whatever depth it may be plunged, 
if left to itself, will oscillate isochronously, and that its con- 
stant time of oscillation will be 



TT 






g 



calling l the length of the cylinder. 



Ex. 2. Suppose the body a cône with its vertex down- 
wards. Let c be its altitude, and h the radius of its base. 
Calling w the distance of the plane of flotation from the vertex 
of the cône at any period of the motion, aîid œ the value of 
0?, when the body is in its position of equilibrium, 



. ^t 


11 

1 


1 

i 

3 


7r-?(<3?' — «a? 


,0 


' df 




-Trb^ca 
S 






• • 


df 


df" 




• 


d^ 


• 


ai' — w* 




■ • 


c'a ' 





•• \rt) -^ 7^ "-' 

a being the value of œ at the beginning of the motion. 
Now, 

/d«Y _ (a* - a>*) - écr 'ff (a - à) 

■* \di) - ~~ i^^^ • 



>- 4. 

t. y. 
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The équation 

(a* — x^) — 4c' ûT (o — 0?) = 0, 

détermines the value of Wj for which the velocity is nothing, 
or the extent of the oscillation. It is manifestly satisfied by 
taking ^=a according to the hypothesis» or 

mP + acfi + a^x + o' — 4c'a = 0. 

On the Oscillations of a Floating Boây about ita Center 

of Gravity. 

87- The motion of rotation of a body about an axis 
passing through its center of gravity, is the same as though 
that penter were fixed and the same forces were applied. 

Suppose the point M (Fig* 23.) to be at rest. And to 
take the simplest case, let the motion be parallel to a vertical 
plane, about which the body is symmetrical, so that the 
moticHi of the center of gravity n of the part immersed 
may be wholly in that plane. 

Now, M being the center of gravity of the body, the 
momentum of rotation produced in it (about that point) by 
its pwn weight is nothing; and the whole momentum of 
the impressed forces about M arises from the pressure of 
the fluid, and is represented by 



Miy . Mri* . g^ 
or by 



* Since the momentum of rotation varies as Qy the osciUatîon 
observes the same laws wîth that of the pendulum^ we may therefore 
at once condude that it is isochronous^ and that its duration is 



:w 



sfW^) 
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AIso the momoitum of rotation of the efiPective forces about 
a horizontal axis through ilf, is represented by 

St^ being tho momentum of ihertia of the whole solid. 
Whence, by D^Alembert^s principle, we obtain 

The négative sign is taken, the position being supposed of 
stable equilibrium, and therefore the tendency of the force 
always to diminish the angle 0; 

being the amplitude of the oscillation. Calling (t) the 
time, measured from the instant of greatest amplitude, 






t= î==== cos . „ 

e 
g 



Since, when <=0, 0=0, and therefore cos* ^( — 1=0. For 
the value of t, when 0sO, we hâve 

k 



v/(î^ 



i 



w. 



g 



And this expression being independent of 0, it appears 
that the oscillations are performed in the same time, what- 
ever be their amplitude; and that the whole time of each 
oscillation is 

ktr 



N/(i..); 



». * 



>^ •*- • V •. 
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When -^7 T a is négative, the intégral (l) becomes a 

logarithmic fonction; and continually increases with t, or 
as we hâve shown before, the equilibrium is unstable. 

£x. Find the time of a small oscUlation of fi cylinder 
floating vertically. 

Let œ be the distance of any transverse section of the 
cylinder from its center of gravity ; and let a be the 
radius of its base and b its height. Now the momentum 
of inertia of the section about its diameter is ^ira*. About 
an axis parallel to its diameter, therefore, and through the 
center of gravity of the cylinder, at distance «r, its momentum 
is ^Tra^ + iro^cf. And hence, passing to the whole momentum 
about this last axis, we hâve Sk^ ^ J^Q^ira^ -^ trd^œ^) dœ. 
And taking the intégral from 07= +^& to œ=^ ""i^» 



(4 12 3 



Also, 



.-. ft* 


=1... 


12 


/ = 


1 4 

-^Tra ; 
4 




/ 


o' 




M~ 


46«r' 


/ 



Ând the depth to which the cylinder is immersed when in 
its position of equilibrium, is îcr; 

.-. a= -ft(l-a); 



/. t^ir 




4 12 



a' 1 ) ' 



t 



./ (3a*+fe*)feg 



■)\g 



» •> i~ 
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88. Let us now proceed, more generally, to consider 
the oscillations of a floating body, whatever may be the 
direction of the disturbance. 

Let us suppose the volume of the part immersed to 
remain constant during the révolution of the body. In its 
motion from its position of equilibrium, let the body describe 
the angles X^ F, Z, about the rectangular axes Jl/a?, My^ M%^ 
passing through its center. of gravity Jf, of which let the 
axis Mz be vertical. 

Let PQ (Fig- 23.) be the position of the plane of flota- 
tion after the body has revolved about the axis My through 
the angle . F, and PC/^QC/'' (Fig. 2S\) that after ît has re- 
volved about the axis Mw through the angle JT. 

Now it is clear, that if in any position of the body a 
motion be communicated about the axis of z^ the part im- 
mersed will remain unaltered, and therefore the impressed 
force and eflFective motion of the body in describing the 
angles X and F, will be the same as though no such motion 
had existed. 

liCt us suppose the motion to hâve been whoUy about 
the axes œ and y^ so that PÙ'QyCf" (Fig. 23'.) may be 
the final position of the body. 

By the révolution about the axis Jfy, the part im- 
mersed is increased by the sector Q0Q[^ and diminîshed 
by the sector PCfP\ and in the révolution about Mœ^ it 
is farther increased by POl'QP^ and diminished by POf"Q(y , 
Therefore, on the whole, the part immersed equals 

p' FQ' + QpQ[ - POP' + opa' - apa'\ 

Now, the axes OCy (Fig. 23.) and PQ (Fig. 23'.) areclearly 
parallel to My and Mœ respectively ; the diflFerence of the 
momenta of the ^qual sectors POP and QPQ[ about the plane 
%y^ is therefore represented (Art. 81.) by / sin F cos^ F; 



« 



>!: ****** • • 

*■; *t. * 

• * » • 
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and the différence of the momenta of OPO'.BKtà O'PÙ" about 
zx by /' sin X cos ^JT; / and /' representing respectively 
the momenta of inertiaof the planes P^OQ'O' and POQO' about 
the axes 00' and PQ. Or if X and Y be exceeding smaU, 
thèse quantities are represented by lY and rXy where / and 
/' are the momenta of inertia of the plane P'Q' about it» 
axes Off and P^Q\ 

Let dK represent any élément of the plane P^Q'j and 
let k be the distance of the axis 00' from the plane xy; 
then momentum POO'P — momentum QjOOQi about plane 
jrâ7=sin F cos YjXk'—œ) ydK. Lety(Ap — a?) ydK be repre- 
sented by JVT', and let N be similarly taken with regard to 
the plane xy and the solids OfPO"'^ OPff'. Then momentum 
OPa'Q - aPff^Q, about 5?y = N sin X cos ^. 

Now the momentum of the impressed force about xy 

= mom"". PVQ['\^ mom"'. QOiï - mom". POP^ 
-t-mom"". OPC'-mom"^. G PU" 

Similarly, the momentum of the impressed force about «œ^ 

= \aXM + rX+N*Y\ Dg, 

Now let œ^ y^ %^ be the co-ordinates of any élément dm 
of the body. 

Then by the gênerai équations for the motion of a solîd 
body about îts center of gravity, we hâve 

^ df 

fy£5LllËyi' dm^ {{aM ^ I) Y+NX\ ag. 

flj£lCpîhdfn^\{aM^r) X^N^Y] ag. 
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Let œ y % hâve been the co-ordinates of the point (x, y, ss^) 
or the élément dm, when the body was in îts position of 
equilibrium. To détermine the values of œ^ y^ %^ in terms 
w y z, suppose the body to revolve about the axis 0% (Fig. 13.) 
through an angle ROQ=Z. It is clear that the value of 
z will remain unaltered. 

Let 0?,^ y,^ be the new values of <r and y, 
.-. a?^=OR. cos RON^ OQ . cos (QOilf + Z), 

= OQ . cos QOM .cos Z- OQ sin QOM sin Z, 

'=w cos Z—y sin Z 1 ' 

y,= OQ sin (QOJif+Z) l ...(l.) 

= y cos Z-t-^ sin Z J 

Let the body now be supposed to revolve about the axis 
Oof through the angle JT, and let z„ and y^ be the corres- 
ponding values of z and y,,. Then, as before, 

z,,=zz cos -y-y,; sin X ^ 



y, =»// cos JT-t- ^ sin ^ 



) 



Let the body now^ finally, revolve about Oy, z^^ and o?^^ 
becoming «f^ and a?^, 



z.=iz. cos F— 0? 



// 



r sinFl 
„ sm Yj 



m,=a),,co8 T+z 

Eliminating the values of œ^^ y^^ z^^ between the équations 
(1), (2), (3), and observing that since JT, F, Z are exceedingly 
small, we may consider them as équal to their sines, re- 
présent their cosines by unity, and omit terms which involve 
their product; we obtain 

w^^œ^yZ -^-zYy 

y=y-\-œZ +zX^ 

z=%-^yX—œY, 
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Differentiating with respect to the time, 



d«,__ dZ dY 
dt~ ^ at "^^ dt' 
dv_ dZ dX 
dt' '"lt'^'~dt' 

^__ dX dY 
dt ^ dt^" dt' 

therefore, omitting the tenus mTolving ^, Y and Z, 

x^dz^ .dY dX 

' ■ ' 1= —ar — - — wv . 

dt dt 4t ' 

dt dt ** dt ' 

dt ^ dt "^ dt ' 

~dr-^'^it^'"'-dt! 

dt ^ dt ^ dt' 

y^dw^ ^dZ dY 

"df "^ ~ ^ dt"^ ** dï" ' 

••-^--5?- — ^'^^^^if^'"-dfyàw' 

a!^«Pz,-«,tPx, .», i.dl'Y d^X t^Z 

-—If <^ + *>d?--^î'^ + *î'rf?' 

o 
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= {aJf+/') Jr + iVr| (Tg-. 

Let the integral8/(«*+y*) dm,f(a?+s^ dm,/(f+x*) dm 
be represented by J, J', J" respectively, and Jxadm, fxydm, 
fwydm by S, B*, 5". Alsolet Ntrg, N* vg, {aM + ï) <rgy 
(aM+r)<rg be represented by C, C, D, D respectively, 

di^ df" d^ 



d^X AA'-B^^ d'Y CAX DAY 



.(A) 



= 0, 



d<* J^' + BB'' df Aff' + BB ^ AB"+BB' 

tPX Aff' + BB' <fr CJF D'AX _ 

df "^ AJ!'^& df ^ AÂ'-B* ■•" AÂ'-B^ ~ **' 

To intégrale thèse eqviations, let them be added, the first 
havmg been multiplied by the indeterminate quantity p.. 

AA' - .g" ABT+BBf 
tCX '^AR' + BB''^ AA'-B» fY 
'' dF'*' M + 1 ' df 

CA^ LIA DAn CA ^~^' 



ABT + BB ' AA'-B" „ ABT^BB! ' AA'-B" ^ 

Let the two last terms of this équation be identical 
with e(X+\Y) where X represents the coefficient of the 
second term; 
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AA'-B* ABT + Bff 
, '* Jir + JB5' ■*" AA'-B" 



e = 



CA^ 


M + 1 

I/A 
■*■ AA'-B* 


ABT + BBf 


DAn 


+ 1 

CA 


AR'+Bff 


' ^J'-jB« 



tu + 1 

Let X, X', e, e', be the values of X and e resulting from 
thèse équations. 



Assume >/.= JT+XK and >/.' = ^+X'F; 



d<* 



+ «'>^' ss 0. 



Let now a /3 ^ ^ ^^^ initial angular velocides about 

the axes a y %; and "ir "SK the corresponding values of '— 

at 

d\î/ . dyî/ 

and -~ ; so that when ylr and y =0, —2- = <|-f Xâ = ^, and 
a^ ' dt 

~=a4-X'/3=*i^'. Therefore integrating the above equa^ 

tions> 

•*• — 

.'. si* = X + \Y = —j= \er8 t ^ e, 

V,' = JT+X'r = 4^ vers « ^; 
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«- _ _^ X'. i'. vêts t ^7 X . i^ . vers t ,^7 
(K-\')j7 (X-X')V? 

y._ i^ vers t »y7 ^ . vers t ^7 
(X-X') ^ (X-XO 

Integrating the first of the équations (A), we obtain 

y X'.* AZ + BX-ffr ^ 

•'. JL ss ^ «— Vers —————— /_ 

(X-X')y7 Ay + Ba-B'/i'^^ 

I 

^ X.^^. AZ + BX-ffr ^ 

-*• I II II ■— . 1- vers - / / 

i\-\')^e' Ay + Ba-Bfi ^^' 

^ i' AZ + BX-BT ^ 

X ss ■■ I II ■ vers ' / 



>(5) 



:=rvers 



(X-X')^€' Jy + Ba-^B'fi 



Vc'. 



By which equatkms tlie motion of the budy iè com{detely 
determined» 

It is clear, that as long as e and e' are positive quantîties, 
the corresponding întegrak are circular fimctions, and, there- 
fore, that the values of X and Y for certain values of f per- 
petually diminish, or that the body, when left to itself, after 
oscillating about its position of equilibrium eventually retums 
to it. The equilibrium is, therefore, in this case stable* 
But if the quantities e and e' be, one or both, négative, then 
the corresponding vaines of JC and F are both logarithmic 
functions, ftnd after a certain period' increase (positively or 
negatively)* with the time, or the Equilibrium is unstable. 



* After disturbance, the body may in thîs case once pass through 
îts position of equilibrium, X and F vanishing. The motion, how- 
ever, will be continued through it, thèse quantities afterwards in- 
creasing negatively with the time* 
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Let us take the case in which the axes oî œ y and z are prin- 
cipal axes of rotation, and in which the principal axes of 
the plane of flotation P^Q' are in the planes zœ and zy. A 
case which manifestly occurs where the body is symmetrical. 

Hère JB = JB' = 5^ = 0, 0=0^ = 0; 

••• ^ -rir = Oj 

de 
y^^ (I)' - (?)' '. 

I 

X=a y vers (_) t. 

The equilibrium is stable or unstable, according as D and 
ly or (olM + /) and (aM + f) are positive or (one or both) 
négative. It is clear that the equilibrium can be unstable 
only in. the case in which a is négative, or the'center of 
gravity of the body above that of the part immersed. 

The motion of the body is determined by the équations 

"^^=«(è)''""(7)'i- 
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CHAR VIII. 



ON THE EQUILIBRIUM OF VESSELS GONTAINING FLUID. 

89- I^£T the vessel PAQ (Fig. S2.) containing fluid be 
supported by a horizontal plane with which it is in contact 
in the point H. 

Let Jf be the center of gravity of the vessel/ .and N jthat 
of the contained fluid. Draw the yertical HR and Mm^ Nn 
perpendiculars upon it. Now calling A the mass of the vessel, 
M that of the contained fluid, and cr the ratio of their spé- 
cifie gravities, it is clear that since there is an equilibrium, 



' Nn , M^Mm. A >cr* 

Ex. 1* Conceive the vessel to be generated by the motion 
of a parabola perpendicular to its plane. Di'aw HL paraUel 
to the axis AR and PL perpendicular to HL. Let the in- 
clination of AR to the vertical = 0, and*Sfl'=r; 



.-. M=^PAQ^-HK.PL. 



Also PL^z=ér.HK; 



3 --X-j. 



, ._. .___(->) 



3 ^ 



yT 



.-. HN=!^ ~HK^ --- — ~ ; .-. Nn = -^^ — i. sin 0. 

5*1 » 
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Again, SR^^SH^^r. And, if AM^h^ and 4c be the 
lotus rectum of the parabola, SM^h^c; 

.•- RMzsr + c^h; .•• Jfms=:(r + o— A) sin^; 

'Ci")* 

... 1- . sin 0.3f=(r + c— A) •sin'd.^.o'; 

Ex. 2. To find the oblique position of equilibrium of 
a vessel in the fonn of a rectangular parallelopipedon con- 
taining fluid. 

Let B (Fig. 29.) be the angle on which the vessel is 
supported. Draw the vertical BUf^ and let M and m be 
respectively the centers of gravity of 'the vessel and fluid. 
Draw MM* and mm' parallel to AB; 



.-. mm' . M = MM' . A<r. 
Now adopting the notation of (Art. 71*) 



mm 



fsznm' -^nmss^a-^An tan 6^nm, 



Also (Art. 71.) , 

S cF + ^' tan" e ^ , ^^ - « !<«. K^ ,,„ m 
j|» = ————— , and mw ^ — (Se + a tan t7), 

6c Se 

where c = — . 
a 

Also, if a;^ and y^ be the co-ordinates of 3f, 

• J/if' =y^ + ^, tan — 2o; 

C 3c* tan + aUan^ a . ^J ,^ 

- f« 6^ -(3c + a tan e)|jlf 

= {y^ + ^y tan 0'"2a} Acr^ 
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whence, by réduction, ' 

tan' e + ( r^ + -^ + 2J tan + 6 (2^-— ^<^- -) = «. 

va a / Va a) 

If the weight of the vessel be neglected, œ^ and y^ vanish, 
and we hâve 

twû?d + (-J + 2j tan 0-6 l—^ + -y=0. 

90. The above problems bear a close analogy to that 
case of the eqnilibrium of floating bodies m which the body 
partially rests on the bottom, or is attached to it by a cord, 
as in the case of a buoy. 

Ex. 1. To find the position of equilibrium of a çonîcal 
buoy whose vertex is retained at a given depth. 

Let JCZ)(Fig. 3L)=«a, CM^a, MCD=:$^ CD^b; 

If ^^ ^ . ,^ ^> a tan sec^ a 

... J«f* = -a {tan(0-a)+tan(0 + «)^ = __^___. 

Now if G be the center of gravity of the cône and g that 

3 ■ •^-. . .. 
of the part immersed, Cg = - Ck ; 

,-. 3 ,^, Sa tan 6 . sec' a 

.*. My = - Mk = - 



4 4 1 -r tan* . sec^ a 

Also, Cm^a sec (0 — a) and Cn^a sec (0 + o) ; 
/ therefore, content of cône Cmn 

= - coB a. fàs? a . a^ {sec (0 + a) sec (0--a)}*, 

^ q sin^ a . cos a 

- or. 



S |cos^0. cos^ a-sin^ 9 sin^ aji' 



TT „ tan^ a . sec' 6 



3 {i-tan^a.tan2j0}t' 
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Also CG = - 6; .-. CJV = - 6 sin 0; 

4 4 - 



cône CJB ss - wb^ tan* a ; 

3 



ir 4 tan' a sec* a.sec^ d. sin ir .. ^ - . ^ 
.-. - o* . — = - 6* . <r . tan* a . sm 0; 

* |l-tan«0.tan«a}^ * 

o* sec* a . sec* 6 ,a 

Jl-tan*0.tan*a}* 

Let AD^c, and assume 1 — tan* tan* ds^â?*, whence 

. o* sec* a -4 2o* sec* a ^ o* sec^ a 

af* j ar + 7 a?* 7 = 0. 

e V c a c <T 

On ihe Stability ôf Vessek containing Fluid. 

91. If H (Fîg. 23.) be the point in the surface of the 
vessel in contact with the plane on which it is supported, it 
is dear that the body when left to itself, will tend to retum 
to its vertical position, be indiffèrent to motion, or recède 
fiirther from it, according as 



My . Acr > = < y/n • M> 

Hy bdng a vertical through JET, and nfi through the oenter 
of gravity n of the ccmtained fluid. 

New the distui^bànce being small, N/ul = — (Art. 80.), 

where / is the momentum of inertia of the surface of the 
fluid about an axis passing through its center of gravity, 
and perpendicidar to the direction of the motion : aiso y is 
the center of curvature. Let 7^ = 7' ^^=«^> VN^Ky 

.'. 3/7 = 7— ic, 7AA = — -(7— ic'); 
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therefore, the equilibrium îs determined by the conditions 

(j-k) Aa > = < /- (7- ic') M. 

Ex. In the paraboloid of révolution, if 4c represent the 
lattis rectum^ and œ^ the distance of the surface from the 
vertex ; 

Y=:2c, /c'= -œ^j M^^TTcœ^^ /=47rc^a?/. 

3 

The conditions of stability are, therefore, 

(2c -k) Jflr> = <47rc^^/— (2c — -a?J 9,nccœ% 

•4 
> = < - TTCœf. 



3 



92. Suppose the vessel AP (Fig. 34.) to rest upon the 
(Turved surface A'P^. It is required to détermine the con- 
ditions of stability. 

The vessel having revolved slightly from its position of 
equilibrium, let Q be the point of contact of the two surfaces. 
"Draw the normal yQy. Then are 'y and y the centers of 
curvature at A and A\ Draw the vertical QJT, and let M, N'y 
and fi be t^ken as before. Now it is clear that the vessel will 
tend to retum to its position of equilibrium, be indiffèrent 
to further motion, or tend to continue .it, according as 



Let AM^Ki AN=k\ Ay=:y^ A'yszy. 
The conditions of stability are, therefore, 

(AK^K).Aa > = < (k + -^^AK^ Jf, 



or JK>=< 



AoTK + Mk + I 

Acr + M ' 
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Nôw by Z^ 7-^7' «^d yKQ. Since A and Â may bc 
considered as coinciding, we hâve 

7 + 7 
The conditions may be reduced, therefore, to 

1 1 ÂfT-YM 

-+->< = > 



•y y AcTK 4- Mk + / 



CHAR IX: 

GENERAL SQUATIOK8 OF THE EQUILIBBIUM OF FLUID8. 

93. To treat the question in its most gênerai form^ 
we shall consider a fluid mass which may be either homo- 
geneous or heterogeneous, compressible or incompressible, 
and which has ail its particles impelled by given accelerating 
forces. It is proposed ^ to détermine the conditions of its 
equihbrium. 

94. Let PQ (Fig. 11.) be a parallelopipedon of the 
fluid contained by planes parallel to the rectangular co-ordinate 
planes a?y, %œ^ xy. Let ,Vj y, x, be the co-ordinates, JT, F, Z, 
the accelerating forces, and D the density at P. Also, let 
Axy Ay^ Ax represent the edges of the parallelopipedon, 
and p the pressure at P referred to an unit of surface. 
Further, let it be supposed that the accelerating forces 
^9 F, Z, and the density D are the same for every point 
of the parallelopipedon. 

Intersect the mass PQ by a plane MN parallel to either 
of the co-ordinate planes, as %y. Now the incrément of 
pressure generated on MN by the action of the force JC 
on the fluid mass PAT, is represented by 



JC.D.PN. MN; 
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and this pressure is propagiated throughout the fluid JVQ, 
and produces, on èvery point of it,' and thefefore at Q, a 
pressure which, referred to>an unît of surface, is represented by 



X.D.PN. 

Hence it is manifest, that if MN be made to move up 
to Qi^y the incrément of pressure generated at Q by the 
action of the force X on the whole mass PQ, and referred 
to an unit of surface, is represented by 

X .D . P(ïy or X .J) . Aœ. 

Similarly, the incrément of pressui*e generated at Q by 
the action of the forces Y and Z on the mass PQ, are re- 
spectively represented by 

Y . D . Ay and Z . D . Ax, 

Therefore, on the whole, there is generated at Q by the joint 
action of the forces Xj F, Z on the solid PQj an incrément 
of pressure, which, referred to an unit of surface, is re- 
presented by 

XDAx + YDAy + ZDAz. 

On the whole, therefore, the pressure taken on the hypothesis 
that the accelerating force and the density are the same 
throughout each élément, is represented by 

22) {XAof+YAy + ZA%]. 

Now, according as A^, Ay, Ax diminish, does this hjrpothesis 
approach to the case which actually obtains, of a continually 
variable force and density, a limit which it never actually 
attains for any finite values of thèse quantities; we hâve, 
therefore, accurately, 

p=^/D{Xdœ+ Ydy + Zdz]* (m). 



* The following method of investigating the above équation is 
exceedingly simple. If P (Fig. 13.) be an elementary plane any- 
where sîtuated in a fluid acted upon by forces X, Y, Z respectively 
perpendicular to the planes zy, zx, xy. And the fluid being inter- 

sected 
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The intégral may be taken with regard to any séries 
of consécutive values of <r, y^ «. It appears then, that 
the pressure taken with regard to every such séries of values 
of ^F, y, %^ or in other word^, the pressure of every line of 
fluid particles tenninating in the given point, is the same. 
This principle has been assumed by Newton as a basis to 
the theory of t6e equilibrium of fluids. It is clear that 
the assumption will at once lead to the above équation. 

95. Wherever an equilibrium exists, the above équation 
has been shown to obtain ; it is therefore a necessary condition 
of equilibrium. Now this équation becomes impossible when 
the right hand member is not an exact differentiaL It is 
therefore an essentiel condition of *the equilibrium of a fluid. 



sected transversely by a plane passîng through and parallel to zx, 
let the whole of the âuid beyond this plane in the direction QM» be 
supposed to become solide excepting only the miiform column OMa, 
and which is carried parallel to ^O^ to the surface of the flnid at a. 
The pressure on P will then remain precisely as before. Now^.the 
column aCl exerts on Q^ by reason of the accelerating force Y, a près* 
sure which^ when referred to an unit of surface^ is represented by 
fYdyi and this force being propagated through the fluide there ré- 
sulta firom it an equal pressure on P. And this is the only (appré- 
ciable) pressure generated by the force Y upon P. For the whole 
pressure on P resuUs from the pressure of the âuid column a Q, and 
the âuid lying in the direction of the axis of y from the plane of in- 
tersection. Now^ this last âuid can^ l^ reason qf the force Y, produce , 
no pressure whatever on P> since the direction ci the pressure gene- 
rated in it by F is directly from that surface. Hence^ therefore^ it 
appears that the whole pressure generated by the force Y upon P, is 
that of the âuid column da, and represented hj fBYây, Simîlarly, 
the pressures generated upon P by the forces X and Z, are respec- 
XivelyfDXdx anà/DYdy; and therefore^ calling the whole pressure 
upon it, referred to an unit of surface, p, we hâve 

p =:fDXdx +fDYdy +fDZdz 
z=:fD{Xdx+Ydif + Zdz}. 
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that its density and the forces impressed upon it, should 
be such as to rendèr the expression 

DÇXdw + Ydy + Zdin) 

an exact differential. 

96. From this condition we obtain» by the application 
of tbe known rules, (Lacroiofj Cale. Integ. 307») the folio wing 
équations, which involve ail the conditions necessary to the 
equilibrium of fluids, as it regards their density and the 
forces by which they are acted upon; 

dDX dDY dDX dDZ dDY dDZ ^^ 



9 i ^ ; 9 



dy dœ dz dœ dœ dy 

We may eliminate D by performing the diiFerèntiations 
indicated, multiplying the équations respectively by Z, Y 
and Xy and adding them together. Whence 

x(~ - — W y(~ - —\ + z(~ - ~\ =0- 

\dss dy) \dœ dx ) \dy dœ) 

an équation which establishes a relation between the forces 
Xy F, Z necessary to their producing equilibrium, whatever 
be the density of the fluid on which they are impressed. 

97. Let us now consider a surface taken in the fluid, 
on every point of which the pressure is the same. It is mani- 
fest that since for such a surface p is constant, d'p = ; and 
therefore, 

Ydœ + Ydy ^- Zdic^O (Ç). 

It is therefore a further condition of the equilibrium of a fluid, 
that such an arrangement should exist among its parts, as 
that taking a séries of points in it, on aJl which the pressure 
is the same, thèse points should be found in a surface, 
determined by the above équation. Any number of such 
surfaces of equal pressure, will manifestly be formed by 
assigning différent values to the arbitrary constant, which 
enters into the intégral of this équation. 
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98. In ail cases of attraction or repulsion directed 
towards fixedcenters of force, in which. the intensity is a 
function pf the distance, the quantity Xdw + Ydy -^ Zdss 
is an exact differential. (See Poiasorij Mecan. No, 225.) . And 
in this définition are included, ail the forces in nature which 
can be-made to.act on the particles of a body at rest. We 
may, therefore, generally assume 

Xdœ + Ydy + Zdx = d0, 

and, dp ^ D .d^ (o); 

hence it appears that the product D.d(pf or the quantity 

-— must, in order that the equilibrium may obtain, be an 

exact differential. In the former case, 2) is a function of ^, 
and may be any function of that quantity; in the latter, it 
is a function of (p), and therefore also a function of (p. 

99* In either case therefore, it appears that an equili- 
brium cannot exist, unless p and D are both functions of ^, 
and therefore of one another; and that when« p is constant, 
D is also constant; or that ail sufaces of equal pressure, are 
also of uniform density. Hence, therefore, we gather, that 
a heterogeneous fluid is disposed when in equilibrio, into a 
séries of homogeneous strata, contained between surfaces, on 
every portion of each of which the pressure is the same,' 
and whose form is determined by the équation (^. The 
above conditions with regard to the distribution of the parts 
of a iluid mass, and the variation of its density, include 
ail that is necessary to equilibrium, in such fluids as are 
presented to us by nature. 

100. In the case of incompressible . fluids, . 2>£2^ is an 
exact differential, and therefore the equilibrium is, possible 
if D be any function whatever of 0. It appears then, that 
the forces being given, the density of the fluid may be taken 
to vary, according to an infinity of différent laws, with regard 
to aU which the equilibrium will be possible. If the £uid 
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I 
be elastic, D is exclusively a given function of the pressure, 

and varies in ail known fluids, directly as that pressure; 

the force being given, it must therefore always vary accord- 

ing to a given law, that the equilibrium may be possible. 

101. If =: c be the équation to a curved surface, 
referred to three rectangular co-ordinates, the cosines of the 
angles which the normal to a point (a?, y, %) make with the 
axis, are respectively 




m 






Now, in the surface determined by équation (^), 

d(h d(b d(f> 
dœ^ dy^ d% 

are respectively equal to X^ Y^ Z ; the three quantities given 
above, are therefore respectively equal to 

X Y Z 



iJWTWT^' s/x^ITy^Tz'' s/x^ -^y^ + z^' 

Now, thèse are precisely the cosines of the angles, which the 
résultant of the forces on the point (a?, y, %) makes with the 
axes. The résultant coincides therefore, in direction with 
the normal, and at any point of a surface of equal pressure, 
is perpendicular to that surface. 

102. If the extrême surface of a fluid be free, or sustain 

no extemal pressure, or if it sustain on every point of it the 

same pressure, it is manifest that for that surface dp = ;: 

i 
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•nd that it belongs to the dass of what we hâve defined to be 
suifiices of equal pressure» and is determined by the équation 

Xdx + Ydy -h Zdx = 0. 

£x. Suppose a fluid to be acted upon by forces tending 
to a fixed center, and equal to /r, a function of the dis- 
tance r. Suppose the fluid incompressible and of uniform 
density, and first let us shew that in this case the équations (ir) 
are satisfied, and the equilibrium possible. Resolving the 
forces on the point {œ^ y^ s,) in the direction of the axes, we 
hâve 

^=-f/r, F=-f/r, Z^-'-fr; 

T V T 

àX ^ dfr dr œ œ dr 

dy dr ' dy' r r*' dy 

à'fr y w œ y 

dr T T •" r T 

r* ( dr r 5 
And similarly, 

dY dfr dr y ^ y dr 
5- .^ -JL— , 7.-4- fr . — . — 

dx dr ' dœ' r r* ' Ar 

dfr y œ ^ y os 
dr r r r r 



r* ( dr r} 



• • 



dX_dr 
dy dœ ' 

and dimilarly it may be shown that 

dX^_dZ dY_d^ 

dx dœ^ dx dy* 

sud the density D is constant ; therefore it is manifest that the 
équations (ir) are satisfied in the case we hâve assuiped. 

Q 



*m 
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The satne démonstration will apply to the case in which the 
density is variaUe, and a function of the distance r, if fr be 
taken to represent the product of the density and accelerating- 
force. It applies also to the case of elastic fluids, since it has 
betti shown that.where the density is a function of the pres- 
sure, the only condition necessary to equiUbrium, is that 

Xdiv + Ydy 4- Zdz 

should be an exact differential, which it is proved to be above» 

Having shewn that the forces applied to the fluid are 
such as by a proper distribution of its parts, are sufficient 
to produce an equilibrium ; it remains to conliider what that 
distribution, must be. Substituting for Jf, F, Z, their values 
in the équation, {y) we obtain 

fr fr fr 

œdx ydy — ^^xdz = 0; 

r r . r 

.•. /— \i€dx -h ydy -H zdx\ = c. 

fifrdr)=:e; 
.-. Fr = constant; 
.-. r = constante 

103. Hence, therefore, it appears that the extrême surface 
of the fluid, and every surface of equal pressure within it, 
must at every point be at the same distance from the center. 
Now each surface of equal pressure, is also of uniform detisity. 
It is therefore necessary to the equilibrium, if the fluid be 
of Variable density, that it be disposed in a séries of homo- 
geneous spherical layers. If it be incompressible and of 
uniform density, the above condition reduces itself simply 
to this, that its extemal fofm be sphaîcal. 

104. The above reasoning manifestly holds whether we 
consider the fluid as* forming a complète sphère, or being 
retained in a, limitod spacé by the sidfes of a' vessel : in éither 
case the form of its surface will be sphaical, having for its 
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ceBter the center of force. Thus the surface 'of any por- 
tion of fluid at the earth's surface, will be a portion of a 
spherical surface having its center in the center of the earth ; 
that is, it will be horizontal, or of the same form with the 
earth's surface. And this will be true, whatever be the 
form of the vessel in ^hich it is contained. 

In the case of gravity, we liave, considering it as con- 
stant, and taking the axis of x in the vertical, 

dp ^ D [gdx] ; 

.'. p:=Dgx + P, 

taking z £rom the surface of the fluid to any depth «, and 
mailing P the external pressure of the atmosphère. Now, 
Dgz ig the weight of a column of the fluid of the same depth. 
Hence, therefore, it appears that the pressure at the depth z, 
is the weight of such a column added to the pressure on the 
sixrface. 

lOd. Ex. 2. To détermine the form of the surface of 
lequàl pressure in a fluid which is acted upon by a central 
accelerating force, varying directly as the distance, and which 
is further made to revolve with a given uniform velocity, 
about a fixed axis passing through its center of force. 

The central force at the distance unity being f», the 
forces on the point (^, y, «,) resolved in the directions of the 
axes, are — ma?, — my, — mz. Also, the axis of rotation 
being taken for the axis of », the force generated by the 
rotatory motion in the direction of that axis, wiU be nothing. 
But in a plane perpendicular to it, if the point (a?, y, z) be 
at a distance p from it, and a the angular velocity, there will 
be generated a centrifugal force represented by 

(vel.)^ ^ (apr _ 

P P 

which resolved in the directions of a? and y, becomes arœj o?yy 
both forces being positive, since they tend to increase the 
co-ordinates. We hâve, therefore, on the whole, 

.jr= — mœ H- awj F= — my -f- a'y, Z = — m«, 



= a^/oj 
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by whicb it is manifest that the équations (ir) are satisfiedL 
For the surface of equal pressure, 

(a* — m)wdœ + (a* — m)ydy — mzdz = 0; 

the équation to a prolate spheroid, having for its center 
the center of force, and for its principal axis the axis of 
rotation. 

If a be the radius of the sphère into which the body 
will bave formed itself before the communication of the 
rotatory motion, the axes of the spheroid may be readily 
shown to be represented by 

(m — ar\i . / 2m xv 
) o, anti l ' ) . a. 
2m / \m — av 

Suppose a fluid mass to be attracted towards two centers 
of force by forces which vary according to given functions 
R and R^ of the distances r and / . Call a the distance of 
the two centers of force from each other, and let mR and m'R^ 
represent the actual forces upon any portion of the fluid. 
Take for the plane of œ y^ a, plane passing through both 
centers of force. Then will the forces resolved in the direc- 
tions of â7, y, and z, be represented by 

« * « y z 

--mR-^, -^ mR -, -- mR -, 

r r r 

+ fu'R' , ^ m'R' - , - m'R" - . 

r r r 

Tberefore at the surface, 

/afdic-\-ydy+zdz\ , . /— (a—a) daf+ydy-^-zdzK 
-mR{^— j-mir^ ~, j = 0; 

.'. mRdr + m'R'dr^^ù. 

The surface is clearly one of révolution. If the force» 
vary as the powers n and n of the distances, 

\n+lj \«+l/ 



1^5 

If the absolute forces are the same, and vary according 
to the same power of the distance» 

If the force be constant, n=aO;' 

or the surface is thàt of a spheroid, the centers of force being 
its foci. If*one of the forces be répulsive, one of the quan* 
tities I», m becomes négative, and we hâve 

t — t'^c^ 

or the surface is that of an hyperboloid. If one of the centers 
of force be at an infinité distance, the surface résolves itself into 
that of a paraboloid of révolution. 

Grenerally, if the force be constant. 



/„' 



And this is the équation to the surface of contact of two fluids 
of di£Perent densities attracted simultaneously to two centers of 
constant force. But if the fluids be transparent, and their 

index of refraction equal to — , the above is the équation 

m 

to that surface by which rays diverging from one of the 

centers will be refracted to the other. It appears, then, that 

if two incompressible transparent fluids be attracted to two 

centers of constant force, the ratio of whose intensities is 

equal to the index of refraction, their common surface will 

be such as to refract light accurately from one center to the 

other. 

106. Ex. S. If a cylindrical vessel of homogeneous and 
incompressible fluid acted upon by gravity, be made to revolve 
about its axis, to détermine the form which will be assumed 
by the surface of the fluid. 

Taking the axis of the vessel for the axis of z^ and its 
base for the plane aiy, we hâve Z = constant = — g : and 
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rince the centrifugal force on any particle is o*p, p being îts 
distance from the axis of rotation, and a the angular velo- 
city, the forces in w and y are respectively a^w, and a*y, 
taken positively, since they tend to increase the co-ordinates. 
Substituting therefore, in the gênerai équation for the surface, 

^ a^œdœ -f a^ydy — gd% = 0; 

the équation to the surface of a paraboloid of révolution, 
having for its axis the axis of %, 

107. If %, be the value of z at the vertex, we hâve, 
sioce at this point, â7 s= 0, y = 0, # 

.'. aV + aV -~ ^g(j^ ~ ^/) = ^5 
or, 0?- + y^ - -^{x — z) = 0; 

therefore -^ is the parameter of the generating parabola. 

CL 

108. Let a be the radius of the cylindet, and z^^ the 
greatest height to which the fluid is made to ascend; 











c?é^ 


Z^^ 


_ 


z^ 


sz: 




il 




i 




^g' 



by which quantity the lowest lies below the level of the highest 
portion of the fluid. Also, since the content of a paraboloid 
îs half that of the cîrcumscribing cylinder, the volume of the 
fluid displaced, 

^i'jra^iz^^^z); 

and therefore, the whole volume of fluid in the vessel is 
represented by - . 



If, therefore, h be the height at which it stood before 
motion was communicated, we hâve 



Âlso, 



-'' «« 


+ 


«^ ss. ih. 


««- 


», 


a a 


••• »« 


=■ 


4^ 


«/ = 


h 


a d 

4^ 



whence it appears that the surface of the fluid ascends above 

and descends below its original level by the same quantity, 

a o 
V12. . 

109- Ex. 4. A rectangular vessel containing fluid, 
(Fîg. 12.) is made to move along a horizontal plane TA^ 
by means of a weight P, acting over a pulley at ^; it is 
required to détermine the form of the surface of the fluid, 
and its position at any period of the motion. 

The accelerating force communicated to the vessel, and 
in common with it to every portion of the fluid it contains, 

is represented by — — j^ , M being the mass of the vessel and 

fluid. Let an equal force be supposed to be impressed upon 
both in an opposite direction, and^from the beginning of the 
motion ; then TviU the vessel remain at rest, and the (relative) 
position pf the fluid in it at the end of any given time will 
be the same as though both had been in motion during that 
time. Suppose the surface by the action of the uniform 
forces now impressed upon it, in vertical and horizontal 
directions, to be brought into the position JTZ, and to rest 
in that position. 

Let Qr = a?, TN =; y, QJL — o, 
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we hâve therefore, X = — — ^— , F = — ^, « = ; 

x^ 4" ilf 

Pgdœ 
P + M ^ ^' 

Pgœ 
the équation to a straîght Une. Also, = — gy^ ; 

•• ^" ~^'~ pTm' 

Also, since if 6 be the original faeight of the fluid, the 
content of the section is a . i, and that in its présent position 
its content is measured by ^ (y, 4- y,^ o» ^e hâve (the fluid 
bdng incompressible), 

Pa 
hence, y„ = & + k jf ^ p > 

110. Ex. 5. Suppose a cylihdrical vessel containing fluid 
to be made to revolve upon its axis with an uniform angular 
velocity (a), to détermine the pressure upon its sides. 

Let the spécifie gravîty of the fluid be unity; 
.•. dp^a*adaf + a^ydy--gdx; 
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Now at that part of the surface which is jmmecUately in 
contact with the coats of the vessel, let fff^x/^ also le% the 
radius of the cylmder be a ; 

Âiso at any point in the sides of the vessel 

Ând this bdng the pressure on an unit, we hâve for the près- 
sure on an elementary annulus, 2pairdx. Therefore the whole 
pressure on the sides 

taken from to z^. Also %^ has been shown (Art. ill.) to be 
equal to 

therefore the pressure on the sides is equal to 



«««V « 






To find the pressure on the base, we hâve, if r be the 
distance of any point in the base from its center. 



^ 2 



Now as befoi-e, = - a'a*— ^», + c; 

R 
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iherefore the K(|u>le pressure 



= w S — - o^a*-|- - a^o*-i-^ir^o^> taken from r=sO to r = a, 
= -ara* ^^«^ cfc*a*> , or, substituting for %^^ 

= ira* jg'A -f a*a* a*a®> , 

= vr€^hg. 

Therefore the whole pressure on the base is equal to the 
whole weight of the contained fluid, as is manifest. 

On the whole, therefore, the pressure on the coats of the 
tessel is equal to 

h -f- I +7ra'. A.^. 

To find what must be the radius (r) of the vessel that 
the quantity of fluid {A) heing given, the pressure sustained 
by the whole containing surface of the cylinder may be a 

A 

maximum, we hâve, since irr^h^J, and therefore h = — ; 

Trr" 

/ A aV«\* 

^««'(— » -h -— -) +-4^=max". 
\wr 4ig / 

(A . aV\ /2oV ^A\ 
\7rr* ^g } \ 4tg irtr) 

aV A _ 

^g vr 

4 ^^^ 



.-. r = >/t4i. 
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CHAP, X. 



ON THE EQUILIBRIUM OF ELA8TIC FLUim. 

111. Def. £la8tic fluids are such as being compressed 
bj any force are continually made to occupy a less space as 
that force is increased^ and recover théir bulk again by the 
same degrees as the force is simflarly diminîahed. 

112. Ferfectly elastic fluids are those whose increase or 
diminution in bulk is exactly proportional to tfae diminution 
or increase of the force compressing them. To this class 
appear to belong ail the aeriform fluids presented to us by 
nature*. 

113. In every state of its density, an elastic flufd make& 
some effort to expand itsdf, and is therefore retained, when 
at rest, by some {«"essure. The density and pressure begin 
therefore together : and their incréments are proportional ; the 
density therefore varies as the pressure, or p^^C •D. 

114. If the only force by whîch an elastic fluid is acted 
upon, be the pressure of the surface which contains it, it is 
apparent that this pressure disseminating itself equally through 
çvery portion of that fluid, the density in ail such portions will 
be die same. And that in its state of equilibrium there will 
be established between the pressures on différent portions of 
the containing surface of an elastic fluid, the same relation as 
obtains in the case of an inelastic fluid. Thus, if the pressure 
on any portions of surface A and A' be represented by P, P', 
we hâve (Eq. a) 

1~ A'- 



■pf 



* Elastic fluids are further distinguished into such as are per- 
manently elastic^ and such as under certain circumstances lose their 
elasticity and assume the form of liquids. This distiACtion belongs, 
however, rather to Chemistry than Hydrostatics. 
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115. * Also since, by the définition of elastic fluids it 
appears that the bulk diminishes unifdrmly as the pressure 
increases, and conversely, also since this is true sine limite, 
it foUows, that the pressure varies inversely as the volume; 
and calling V and r the volumes of the same quantity of 
fluid under the pressures P and P", 

PV::::zP'r. 

116. If the fluid be âcted upon by forces other than 
the résistance of the surface which contains it, the density 
will be variable. 

Calling P the pressure on a surface A in a part of the 
fluid whose density îs 2), and taking P^, A', iJf similarly in 
any other portion of the fluid, we have^ since the unit of 
pressure varies as 2), or = C Z), 

P=C.A.D, 

P^_AD 
' P~ AU 

117* The atmosphère which surrounds our Earth is found 
by experiment to be a perfectly elastic fluid. 

It appears, also, that the pressure produced on any plané, 
taken horizontally in it, is equal to the weight of a super- 
incumbent column (Art. l6.) Now since the weight s of such 
columns (Ëminish as we ascend from the Earth^s surface, it 
is clear that the pressure on any given surface in the fluid 
will diminish : and the density varies as the pressure ; therefore 
the density of the air will continually diminish as the altitude 
increases. Let us suppose for an instant an atmosphère of 
uniform density to surround the Earth, and let h be its height 
^uch that the pressure at the Earth^s surface may be the same 
as in the case of variable density which actually obtains : then 
at the EarthV surface we shall hâve, since ghD is the wdght 
of the superincumbent column, which by hjrpothesis is equal to 
thd pressia:e> 

p=ghD. . 
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1181 Now pocIX in ail cases. Therefore^ genercUty-, 

p^ghD. 

h îs caUed the height of an homogeneous atmosphère, and at 
the mean density of the air at the Earth^s surface, it is found 
to be 4342 fathoms. 

119. If (Art- 22, Fig. 25.) X represent the height A' A'' 
to which the surface A' is raised above the surface A bj the 
removal of the pressure of the air above it, we hâve, since 

p—ghD, 
hD^ssSfy 

Ut being the density of the fluid. If, therefore, o- represent 
the ratio of the spécifie gravities of the air and fluid, 

120. Since pocD, in every possible state of the density 
of an elastic fluid, it will exert some pressure or some effort 
to expand itself : it cân never, therefore, be beld at rest unless 
an adéquate pressure be'appUed to every portion of its surface. 
Thus if from a vessel containing an elastic fluid any portion, 
as for instance the superior portion, be removed, tbe remajnder 
will not, as in the case of incompressible fluids, remain at rest, 
but will expand itself until it is again retained by some in- 
tervening surface, or some pressure otherwise supplied. 

121. By équation (j3) we hâve, in ail cases of fluid equi- 
librium, where the accelerating force is gravity, 

p^^fDGdx. 

Hence, therefore, where the fluid is elastic, since 

p^^c.Dy 
cp^ '^fpGdx\ 

P 
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Calling, tberefore, a the radius of the Earth,^ and x the 
height of any portion of the atmosphère above its surface, 

dp "gd? 
.'. c. — = dx; 

p (a + «y 

p -gaz 

.*. c h. 1. :=r = 7—^ — r • 

n (a + x) 
n being the unit of pressure at the Earth^s surface; 

--gaz 

Since p^cD, and n=c . A, if A. be the density at the 
Earth^s surface, 

Â"n" ' 

'gaz 



.•. D = A .€<^<« + aK 

Whence the density of the air at the Earth^s surface being* 
given, that at any given altitude above it is known. 

122. The density of elastic fluids is subject to consi- 
dérable variation from a change in their température. The 
précise nature of the agent which we call beat, or the manner 
of its action in the dilation of différent substances, we are 
not acquainted with: certain it is, however, that wherever 
we trace its présence in a greater or less degree, we meet 
with a proportionate increase or diminution of bulk. 

The subject is not properly one of mathematical enquiry, 
and we shall in the following pages confine ourselves simply 
to the statement of such properties of beat as are proved 
by experiment, and as are ihcidental to the proper subject 
of our investigation* 

123. In ekstic fluids it is found that, under the same 
pressure, equal incréments of volume resuit, in the same quan- 
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tity of fluid, from equal incréments of température, as marked 
hf thé thermometer. Hence, therefore, it foUows that the 
rdation between the température (f) and volume V is ex- 
pressed by the algebraical formula 

V=a + bf (p) 

in which f is the variation from that température (as marked 
hy the thermometer) at which the bulk of the fluid was a, and 
b is the increase of that bulk for each degree of température. 

Now VD represents a quantity of matter which is given, 
àxkce we are considering the variation of bulk produced by 
iL variation in thé température of a given quantity of fluid. 

Therefore when the pressure is given, 

1 



D 



a + bf 
Also when the température is given, 

Docp; 
therefore, generally, 

a-^bf 
cp 

Where « { = *" ) ^^ ^^^ increase of bulk in ^ach unit of the 
fluid for every degree of température. 

124. Now the température is found pontinually to dimi- 
nish as we ascend from the surface of the Earth. The con* 
clusions we hâve therefore deduced, with regard to the density 
of the air at différent altitudes on the hyppthesis pf an equable 

P 
température are false^ and instead of assuming />=:-, we 
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must take ît equal to ^^ ^ . Whence by équation (/3) 
we hâve 

dp 2 ^'^ 



.-. h. 1. p = —^^gJl 



dz 



«• 



(l4-aO(« + *) 

♦ • 

The axnplete inte^ation of this ex^nressicm h àmposâble, dmœ 
the variation of the température is not dépendent according 
to any known law on that of the altitude t that is, f^ cannot 
be expressed in terms of %. 

126. Since, however, a is exceedingly small, the variation 
of the quantity 1 +at^ does not materially affect the residt; 
and provided we take for t^ the mean, ^ (t^ -H ^^'), between 
the extrême températures t^ and t^\ we may, without sen- 
. sible error, consider thiç température as common to every value 
of z^. Whence we get 

' ■ ■ ■m • • ■■ . ■ — il ■ — — — • 

* It is found by observation^ that for smull altitudes, tiie tempé- 
rature decreases very nearly in aritiunetical progression as the altitude 
încreases in that progression. 

y* dz 

(1 -4- <°^ r 4- \^ ™*y ^ considered as the 

«um of a séries of funcdons df z difiering from oi^ anotber'bjp' réason 
of equal incréments of z, and each dîvided by a correspondiqg .value 
of the quantity (1 + a/®). Call thèse onctions tif z, a^i, c -7. l?he 
corresponding values of i^ are in a decreasing aritiunetical progression. 
Let tiie degrees of température be so taken that each ^shall be ihe dé- 
crément corresponding to each equal incrément dz tf£z; Ûnea 

y[ dz _ a , b c 
il+ai?)(a + zf l+af^l+a (f -^ i) + l +« (^- 2)"*" ' ' ' 



= n 
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And calling p' the pressure at the earth's surface, 

''•'• p- {i + i«(<'+0}(«+«) ^ ' 

, Also --r^^jiy and D being the densities correspond- 
D p 

ing to the pressures p' and p; 
.•. n. 1. -rr = 



D {l+ia(/^ + OH« + ^)' 



Now> the variation of the température is in a constant ratio to 
the variation of the altitude; 

.«. n — 1 = <' — r* oc z = Cz ; 

/dz _ /* (1 ^ gf 4- ^ttz) rf g 

(l+ar)(fl+2)*"«/ (« + «)■ 

= (l_I^^?-^-Cah.L{l--4-l 
aXa + «) ^ \« + 2/ "^ 

= il -a^ + J— x"}---? — r^ 

^{l-al' + s a' - O} -TTE-x 



{i+é(^ + 0}«(«+*) 



-r^ nearly. 



See Appendix E. 
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The quantity a is found by experimerit to be very 



nearly ; 



cagz 



t - r. 



.: D^iy.€^ '^' («r.) 

126. The foUoving method is by La Place. 

Let T be taken to represent the température. Then, 

when the pressure is given, the volume of a given quantity 

of air varies as T; 

1 ' ' . ' . 

.'. Doc -^y the pressure being given. 

JL - - * 

. Also, D oc p, the température being given ; 

p 
therefore, generally, Doc — ; '^ 

• /> = ££• 
■ .,...,-,,/- 

, considering gravity as constant. 

Kow, it appears from observation,, that for small values 
of «r, if the altitude be continùàlîy increased by the same 
quantity, the température will be uniformly diminished by 
the same quantity; T is therefore such a function of «, as 
for small values of isr to decrease in arithmetical progression, 
as that variable inçreases in arithmetical prpgression. 

And further, if T' and T" be the températures at the 
surface of the eatth, and at the altitude ^^, T is such a 
function of », as to give for its values O and x^^ the quan- 
tities T' and T". Hence, therefore, T is such a function 
of », as for small values of that variable, will coincide with 
the expression 

■^-Y'-'—r-S'- 
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Since în thîs expression when « = T^T^ also when « = «' 
T ^ T y also for exceeding small values of «r, 

which satisfies the remaining condition, namely^ that X 
should decrease, as « increases in arithmeticcd progression, 
for small altitudes. 

Let ^ "^ =fe; 

/ -dz _ r -dz 
T ~J (T" - k»)* 

Now, when x = Oj the intégral vanisbes ; 

= 1(7-- 70: 

therefore, for the whole altitude from to sf^. 



/=# = >" - ^') 



2% 



rwif . mff ' 



T' + T 

\ 

1 

Now Toca + 6^^ = c, (l + a/°) ; 



/dz _ 2^^ 

p' 25f 

.-. h. 1. — = cg^-:r~^ — ' ^J . ^,,v ; 



2 + a(<' + 
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O cgx, 

/. n. 1. ~^ = 



^ i + i«(<' + n 



which evidently coïncides wîth the former formula, if we 
consider a as exceeding great when compared with %\ and 
therefore the gravity, as constant. 

127. Thèse formulœ are used for the mensuration of 

heights. The ratio — is d^ermined by observations wîth 

the barometer, as will be explaaned hereafter ; and thence the 
altitude %^ is known by the formula 

^^=i{H.îa(^' + Ô} h.l.(^). 

128. Let us now apply ^<^ gênerai conditions of equi- 
librium to the case of elastic fluids. 

In considering the équation 

dp = Dd(py 

we hâve shewn it to be a necessary condition of equilibrium, 
that D should be a function of the force 0, that is, in the case 
of gravity, of the distance from the earth's center, or of the 
altitude «r. It has been shewn also, that D is partly a function 
of the température. It foUows, therefore, that no equilibrium 
can exist in the atmosphère, or that it can never be wholly at 
rest, unless the température be a function of the altitude, 
so that at the same altitude it may be the same over every 
portion of the earth's surface. Now, the distribution of 
beat over the earth''s surface, is by no means equable, the 
température about the equator being considerably higher 
than that taken at the same altitudes near the pôles, and 
passing through every possible gradation in the intermediate 
space ; influenced by an infinité variçty of local and temporary 
causes. The atmosphère is therefore, not in a state of equi- 
librium. Motion is said to prevail, among those portions 
of it nearest. to the earth^s surface, continually towards the 
equator, and among thé superior J)ortions, towards the pôles. 
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129- How far the conclusions we havë drawn with regard 
to the densitj of the atmosphère when in equilibrium, are 
applicable to the case of continuai disturbance which actually 
ohtains, it is scarcely possible to détermine otherwise than 
by experiment. And from this it nmuld appear that the 
formula we hâve determined, for the variation of the density 
at différent altitudes, very nearly obtains, when thèse altitudes 
are measured above the same portion of the earth^s surface. 
The disturbance affecting equally, it would seem, the whole 
superincumbent column. 

130. In the case of a perfectly elasiic fluid of uniform 
température, the équation (v) becomes 

h dp ^ p {Xdœ -f Ydy -h Zdx) ; 

.-. A h.l. p ::=f{Xdœ + Ydy + Zdx). 

£x. Let us take the case of a cylindrical vessel of air, 
made to revolve about its axis. . It is required to détermine 
the pressure on any point of the containing surface, and the 
density of any portion of the revolving fluid. 

Let (a) be the radius of the base, (e) the altitude. Sup- 
pose the cylihder of fluid to be a column of the atmosphère,* 
and let 1/ represent the density at its base, (r) the distance 
of aoy point («r, ^, ^,) of the fluid, from the axis of the 
cylinder, and a the angular velocity; 

.-. jr=aV, F=a«y, Z=-g; 

.'. A h. 1. p ^f\a^œdœ + cfydy ^ gdz\^ 

1 

2 



h h.l. p = -aV — ^«f -h C/y 



.-. p=: Ce 2l , 

a*f^~-2gz 



* The variation of température being neglected. 
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Now, to detennine the oonàtaiit Cy sihce ^vrdfdxD k the 
content of a so^d annuliis^ we Hâve for the wliole fluid masB, 

^wCJjCe ^* .rdr.dz. 
The intégral being taken from r = to r = a, 

taken frcnn z = to g = c, 

Now, the quantity of air contained, equals that which 
would be similarly contained in the homogeneous atmosi^iere. 



... nra'hJ^ = -ïsr^^'* - - €"^); 



2A(6 2F_ i)(, _e~*~) 

'*• -^ — , o ' ■ • 

2A(62^ _ 1)(€^ — 1) 



also sînce p = AD; 



D'g.o!'.a'.e 2A 






2(€=** -!)(€* - 1) 
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when c = infinité the above expresâons become 

„ ga*a*I/.e ** 
P ~ 1?? » 

2A.(6* - 1) 

1 a^ga^LT.e 2* 
P = 2- ?P • 

(€«* - 1) 

It is évident from thèse expressions, that the density will 
be diminished near the axis of the cylinder, and increased 
towards its surface; and that by increasing the angular 
velocity (a), the raréfaction of the internai and the conden- 
sation of the extemal air may be carried to any required 
extent. 



ON 

HYDRODYNAMICS; 

OR, 

THE MOTION OF FLUIDS. 



CHAP. I. 

131. The forces lost by tfae différent parts of a System 
k motion, are by D^Alemberf s principle precisely such as 
would establish an equilibrium in it. 

The forces, theréfore, lost by the particles of a moving 
fluid are such as, being severally applied to those particles, 
will (under the same circumstances of fortn and pressure) 
hold the fluid at rest;* and thus we are supplied with a 
means of passing at once from the conditions of the equi- 
librium of a fluid' to those of its motion. 

Let (py (f/, <p" represent in magnitude and direction the 
effective accelerâting forces on any particle /a, resolved parallel to 
the axes of Xy. y and « respectively . And let -Y, F, Z be the 
forces impressed. Then are (-Y— 0), (F— 0^), (Z — 0"), the 
forces lost. Therefore^ by the gênerai conditions of equlibrium, 

p =ifD\{X^^)dœ + (F- <p')dy -h (Z-î^0") dz} ...{Â). . 

* Motion produced among the particles of ^^ fluid mass by the 
action of any accelerâting force> differs from the Jree and uncori' 
Hrained motion of the same particles^ acted on by the same force, 
in^Atf,'that the force impressed upon each partide is, in the form^ 
case^ counteracted pro tanto by the pressure of the adjacent particles, 
whilst in' the latter it is tvhoUy effective. Thé différence between the 
effective accelerâting force on any particle when its motion is un- 
constrained, and the effective accelerâting force on the same particle, 
when forming part of a fluid mass, is therefore whoUy produced by the 
pressure of that portion of the fluid in which it is foùnd. If, ^ere« 
fore, this différence were applied to that portion of the fluid, it would 
just sustain the pressure upon it : and supposin^ similar forces to be 
similarly applied throughout, and the same pressures as befôré to be 
sustained, the whole would be in. equilibrium. 

T 
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132. We shall refer the more - geoeral considération of 
this équation to a succ«eding cbapter, and confine ourselres 
hère to that particular case in which the âuid is incompres- 
sible and homogeneous, and the motion uniform, or the 
accelerating force on e€u:h partiele tk€ same, as it passes 
through the same point in space. 

The intégral {A) may be taken with regard to any série» 
of corresponding values of w, y, «, or with regard to any 
Une whaterer of fluid particles terminating in ii. 

Suppose it taken with regard to thotc particles which 
occupy the space through whioh ^ has moTed. Now, by 
bypodiesis, the accelerating force on any one of thèse is 
precisely the same with that by which m was impelled when 
lit the same point in space» The intégral 

taken with regard to the whole line of particles at a given 
instante is therefore équivalent to the same intégral taken 
with regard to the extrême partiele during the different 
instants of its motion. Also d/v, dy, d«, which in équa- 
tion (A) hâve référence to différent particles, and are taken 
from one point in space to another, are équivalent to + dw, 
+ dy, + dxj when taken to represent the elementary spaces 
described parallel to the axes by the same partSde. The 
sign + being taken according as «the motion tends to inereiue 
thé co-ôrdinate» or diminish them. 

.'. + (pdûff + (p'dy + (p'^dz = vdv, 
V being the velodty of tiie partîde /u. Therefore, generally> 
p = V/iXdw -f Yd^ + Zd5f) + D/vdv. 

Now, calling P the pressure that would resuit if the 
same forces were impressed and the fluid at rest, we hâve 

P « Bf{Xdx -f Ydy + Zdz) ; 

•*. p = P + ^*2)i;'+ C (B\ 

* Ste Appendix B. 



' 
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Let it now be supposed that the fluid, having coutil 
Bually beea renewed under the same circumstances, and 
accderated by the same force at any the same point (œ^ y, z) 
of its course^ has at length attained an unifonn velocity at 
that pomt. Then is v the velocitjr of any particle passîng 
through it, and therefore of a particle which has descended 
from the surface. Let V be the yelocitj of this particle 
when at the surface of the fluid, and p' the pressure on 
the surface ; 

/. p-/=pq:|D(c«^r«) (C). 

133. If a continuous fluid, wholly contained by the sides 
of a rigid vessel, be in motion, the same quantity of Jluid 
mil pasSj in the same time, through any two given sections 
of that vesseL For if there enter more fluid by one section 
than escapes by the other, the intervening space will, at 
one time, contain more fluid, and if there enter less^ less 
than at another. Both which cases are impossible, since the 
fluid is incompressible and the space given. 

134. If the area of one section be exceedingly small 
as compared with that of the other, the (mean) velocity of 
the fluid passing through it will be exceedingly great as 
compared with the (mean) velocity of that passing through 
the other. 

135. If the sections be supposed to be both perpen- 
dicular to the direction of the motion of the fluid througli 
them, and F, v be the mean velocities, K, k the areas of 
the sections; then are KVdt and kvdt the quantities of 
fluid which pass through them in the same time cf/; 

.-. KVdt^kvdt, 

.-. KV = kv, 

m 

136. If a stream of fluid cpnstantly renewed and movîng 
^th an uniform velocity, be allowed to descend freely frora 
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a given height; the descending portion of it will eventually 
acquire an invariable form. And, this state being attained, 
the same quantity of fluid will pass, in the same time, through 
any two horizontal sections of it. For otherwise the inter- 
vening fluid mass would alter its form, which is contrary to 
the supposition. Now, the velocity of the descending particles 
is manifestly greater in the lower sections of the stream than 
the higher. The lower sections are therefore less than the 
higher, and the stream contracts as it descends. And simi* 
larly it may be shown, that if the stream be thrown upwarda 
it expands as it ascends. 

if we conceive ail the particles of each horizontal section 
to hâve descended at the same instant from rest, and to hâve 
acquired the same velocity in the descent, viz. that due to 
the height; and further, if we cgnceive the différent hori- 
zontal sections of the stream to be similar planes ; then, 
taking any vertical section of the stream for the axis of <r, 
the horizontal sections will vary as y^. Also, measuring a/ 
from the point whence the stream falls, the velocity will 

vary as \/w; 

.'. VK oc y^ \/œ = constant = c ; 

.'. y' = ~ 



w ' 



Every vertical section is, therefore, bounded by an hyperbolic 
curve determined by the above équation. 

If the fluid in the act of being let fall, be projected 
with a velocity due to the height a, we shall hâve 



y - 



a + œ 



The sîgn + being taken according as the fluid is projected 
upwards or downwards. 

Thus it appears, that the stream thrown up by a foun- 
tain, is nearly that formed by the révolution of a hyperbolic 
curve of the fourth order about an asymptote. 
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CHAR IL 



' ON THB MOTION OF FLUID8 THBOU&H BXALL OBIFIGBB. 

137* JjET the médium into which the efflux takes place 
be supposed the same with that, in contact with the surface 
of the fluid, as where the vessel is open and immersed in 
the atmosphère. The pressure at thé orifice and surface 
are in this case the same. 

We hâve, therefore, (Art. 1S2.) if t) be the velocity at 
the orifice, and P an unit of the pressure, it would sustain, 
if closed, 

/. ©« = F^ + 2fiXdœ + Ydy + Zdz). 

138. Suppose the fluid to be acted upon by the constant 
force of gravity, and to flow through an orifice any where 
àtuated in the containing vessel. Now, if it be kept con- 
tmually at the same height, the condition of uniform accélé- 
ration, we hâve supposed, will manifestly obtain; and we 
shall hâve v^=^V^ + 2gx, v being the velocity of any par- 
ticle of the issuing fluid. 

If the fluid be not supplied at the same rate in which 
it escapes, the position of the surface will no longer be sta^- 
tionary, and the hypothesis of uniform accélération will not 
obtain. Since, however, 



is the velocity which would be acquired ât the orifice, if 
the surface remained stationary during a certain time in any 
one of its positions; it is clear, that the actual velocity 
will approximate continually to this, as the motion of the 
surface takes ^lace more slowly, or as it remains longer 
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in each of the positions it assumes. That is, according 
as the efflux approaches more nearly to the influx, or, * if 
there be no influx, according as the aperture is less, when 
compared with the surface of the fluid. Now thîs approx- 
imation maj be carried on sine limite. Also, when the 
area of the aperture vanishes as compared with the surface 
of the fluid, V vanishes as compared witlv v. Therefore, 
cm the whole, 

îs a limit néver actually attained by, the velocity in any 
position of the surface, but continually approximated to, as 
the area of the aperture is less when compared with it. 

It wîll be observed, that the velocity r is that which 
is said to be due to the height {x) of the fluid above the 
orifice, or which would be acquired by a body falling freely 
through that height. . 

139. If the aperture be so contrived as to direct the 
stream of issuing fluid obliquely upwards, and the surface 
be kept continually at the same height, each particle of the 
issuing fluid (supposed to be projected freely in space with the 
irelocity due to the height) will be made to describe the same 
paràbolic trajectory, and the whole jet will assume the form of 
a parabolà. The range on a horizontal plane passing through 
the aperture being represented by 2» sin a, the height by 

« sin* o, and the time of flight by 2 y — . sin a. (See 
Whewell^ 238.) 

140. The point where a jet will meet a horizontal plane 
situated beneath it, may be determined by substituting the 
distance of the plane beneath the jet, for y in the gênerai 
équation to the trajectory, (Whewelly 240.), and solving with 
regard to a?. 

Let it be required to détermine where an aperture must 
be made in the side of a prismatic vessel of fluid, that the 
j^ may strike a given point in the plane on which it stands. 
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Take a to represent the height of the stirface of the 
fluid above the plane, and y the height of the orifice; then 
18 a^y the height due to the vdocity at the orifice: and 
calling h the distance of the given point from the base of 
the vesselj 

— ^=& tan a - —, r 5- ; 

4(a— y)co8*a 

whence we obtain 

y = ^|(a— 6 tan a) + y/a^ + 2ab tan a — 6^}. 

If this expression be possible, there are two positions 
of the orifice, for whicb, the point where the jet strikes the 
horizontal plane will be the same, (see Fig. S6.) the angle 
of élévation being the same in both cases. 

141* If by reason of the descent of the surface or other 
causes, which will be hereafter explained, the particles which 
at any- time form a part of the jet, hâve not ail been pro- 
jected from the orifice with the same velocity; di£Perent pa- 
rabolas, APC, JQB (Fig. 35.) will be deseribed, and the 
stream will cease to be continuous; the dispersion being 
greatest near the extremity of the range. 

To Jind the time in which a vessel will empty itself 
thraugh an exeeeding smaU aperture in its hase. 

142. If K represent at any time the area of the surface 
of the fluid, k a section of the aperture, v the velocity of 
effluence, and d% the descent of the surface during the in- 
crément of time dt\ then is Kd% the quantity by which 
the fluid in the vessel is diminished in the time dt^ and 
h^dt is the quantity which flows through the aperture; 

.\ kvdt=i ^Xdz. . 

The sign — indicating, that the height « of the suicface is 
diminisdbed by d«r. 
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1 p — Kdss 

Ex. 1. Suppose the vessel to be prismatic, so that the 
horizontal section K may be the same throughout; 

where a is the value of ss at the beginning of the motion. 
For the whole time of efflux we hâve 

C ^"^ M II I " « 

N0W9 if the surface had been kept continually at the same 
height (a), and the same quantity of fluid as in the former 
case had flowed out in the time t\ since the velocity of 

efflux would hâve been uniformly equal to sj'^ga^ we should 
hâve had 

143. From équation (l) we obtain 

Now, the right-hand member of this équation is the expression 
for the space which would be described by a body projiected 

' 1c Mj^ga 

with the velocity — , and retarded by the conêtant 

force -^. Also, sj^g^ is the velocity at the aperture. 
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and therefore -^~~- that of the surface at the beginning 

IL 

of the time t^ and a — i^ is the spaee described by 4fae surface. 
The motion of the surface is, therefore, retarded by the 

constant force r^- 

II 

Ex. S. To find the time in which an ellipsoid will empty 
itself through a given exceedingly small aperture in its vertex» 
vhen placed with its greatest axis in a vertical position. 

Liet a, 6, c be the semi-axes of the ellipsoïde and œ^ y 
the semi-axe» of the elliptical surface of the fluid, at any 
given period of the efflux. Also, let % be the distance of 
the surface from the center of the ellipsoid; 

a a 

3 a ^ ^ 

Ê • 4f Trba 

é'jrbc 

If the apoture k be snpposed to be fônned by a section of 
the vesset at on exceecinig small distancé k from its vertex, 

*=--—- ^a* -(«-«)*} = -wbcK very nearlj; 

Soi 



U 
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The tîme is, therefore, on this hypothesis, independent of 
the magnitude of the axes b and'c, and is the same in the 
ellipsoidy spheroid, and sphère. 

Ex. S. To find the time of emptying a vessel, formed 
by the révolution of a cycloid * about its axis, throogh a 
small aperture in its vertex. 






— t . kj^y^g _ 



T 



ssJ*y^a;~idœ=2y^âBi-^4j*yœidyf 



Jyix\dy^fy^9,a--œdx^ — .y(^a--œ)i-\"-f(%a'-œ)idy^ 

3 3 

c/ «pi 3 5 






And taking this intégral from 

wss^Oy y = ira to a; = 0,' y = 0, 
we obtain for the whole efflux 






Ex. 4. A vertical cylinder of fluid revolves uniformly 
about itsïaxis; tô find the time pf efflux through aa exceed- 
ing small aperture in its side. 

Let. a represent die angulair vdocity and a the radius 
of the cylindar. Also, let the height of the lowest point of 
the sur&oe of the fluid above the aperture, be represented 
by ». 
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Then (Art. 106.) 

therefore, 

Now it has been shown, (Art. 108.) that if ^ be the 
quantity of âuid at any time contained in the vessel, 

- A^ ^. 

.'. 7ra^dx=idA; .*. kvdt=^^ira^dx; 

- Tra* /• -d» Tra* c /-r— , 

A? %/ ^a^a^ + 2gx kg ^^ ^ ^ 

Taking the intégral from x:=^c to x^O. 

Ex. 5. A vessel containing fluid which flows out through 
a small aperture in its base, is drawn vertîcally upwards 
by means of a weight (Fig. 37.) acting over pallies. To 
détermine the motion^ 

Let K represent the surface of the âuid and k the 
aperture, x the beîght of the surface above the aperture, 
and / the accelerating force on the vessel and fluid upwards. 
AIso, let C be the sum, and C the différence, of the ûiass of 
the vessel (without the fluid), and the mass P of the weight. 
Then îs the accelerating force on the System represented by 

Cf^fKdz _ 

Suppose this force to hâve been communicated in an opposite 
direction to the vessel and fluid in the begînning of the 
motion. The motion of the fluid, with respecX to the vessel, 
wiU t>e the same on this hypothesis as in the case which 
actually obtains, and the vessel will be at rest. Hence, 
since g-\-f is the whole accelerating force impressed down^ 
wards, on thé ;ibove hypothesis, and that* the aperture is 
exceeding small, we hâve 
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**^V C +/Kdz ' 

Suppose the figure a paraboloid of révolution. Hence 

yjrdjif=7rci; 



^Pg 



{'-'A'êh'A'êH 



C 

If wcs^j &c. be exceeding small, as compared with Cj 

tj = 2 V -— ^5 or it equals the velocity with which the 
fluid would escape, if the vessel were at rest, multiplied by 

^/ -jç . The time in the former case will, therefore, be 

found by dividing that in the latter by 

144. If we oonceive a vessel, from which fluid escapes 
through a small aperture, to be continually supplied by a 
stream, moving at any given time with a velocity v\ and 
fumishing in an unit of time a quantity of fluid represented 
by &'«'; the fluid contained in the vessel is on the whole 
increaaed in the time de by (k'v' '^kv)dt; 




J k'v'^kA^^gz' 

. Ex. 1. If the vessel be prismatic and the influx constant^ 
K and k'e are gîven; 

K /^ dx 



.% ^ = 
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taking the intégral from z^ to z. 

We may conceive a certain time when the efflux shall equal 
the influx, and the surface of the fluid become stationary. 
Now, when this takes place, 

But when « = o, ^soc*^. The surface of the fluid will 
not, therefore, în the above instance, become stationary în 
«ny Jhtite time. 

Ex. 2. Let us suppose the influx to take place from 
a small aperture in a cylinder containing a given quantity 
of fluid. 

If k' be the aperture in the cylinder, and ©' the relocity, 
the influx 

^1J^' ^U sJTgz^-U .JTgâ^^t^ (Art. 142. Ex. 1.). 

Also, if t? and k represent the velocity and aperture in the 
vessely^ 

By the sdution of this diflèrential équation z is known in 
;terms of ^. - 
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If the surface of the vessel be formed by the révolution 
of the hyperbolic curve, whose équation is y*x=c, about 
its asymptote, 

a linear équation, which may readily be integrated. 



On the Motion of Fluida through small Apertures in a 

System of communicating Vesseh. 

145. Suppose three vessels to be placed one above 
another, and let them conununicate by smail horizontal aper- 
tures in their bases. Let the height of the fluid in the 
highest vessel be %^ and the distance between its basje and 
that of the second vessel z^; and similarly, let %^ be the 
distance between the base of the second vessel and that of 
the third. 

Let Vj be the velocîty of éfflux^ from the first ihto the 
second vessel, v^ ^^^^ from the second into the third, aud 
V the final velocity of efflux. Also, let Pjj Pg, p be the 
pressures at the orifices of the vessels respectively, p being 
the unit of atmospheric pressure ; and let the base pf each 
vessel be supposed to be immersed in the fluid contaîned 
by that beneath it ; 

• • Pi-P= ^ff « - ^i»i'> P»-Pi= J>g«i - Pi V> 

therefore, by addition, 

Nôw, if we suppose fluid to be uniformly supplied to 
' tlie upper vessel, and the surfaces of the fluid in the other 
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ressels to hâve become statiouary, we sh&ll hâve, calling 
^u ^29 ^ the areas of the apertures, 

Il ï r* 




• • 






« = ^=-r^ 4./ 7^-^ 7:ii + T-< 



k" «!« A?, 



2 



And similarly if there be any number of vessels, and h be 
the heigbt of the base of the highest above that of the 
lowest, and z the height at which the fluid stands in the 
highest, we shall find 



2 
V ss 




/ x + h 



If the influx be given, vk is given (^bc)^ 



c« 



2^ Va?/ 

146. Let two vessels (Fig. 55.) communicate by means 
of a common aperture P, so that the fluid may ascend 
in;^, whilst it descends in B. 

Now, the motion in A tends to increase the height sa 
of the surface above the orifice, whilst the motion in S 
tends to diminîsh it : therefore 

represents the pressure at the orifice in the former vessel ; and 
thàt in the latter, p' being the unit of atmospheric pressure. 



160 

Md JS|9 x^ the heights of the surfaces above the common 
orifice ; • ' 

147. To find the time in whîch a given quantity A of 
fluid, poured mto one of the vessels and flowing through 
the aperture, wfll attain th^ same level in both. 

Calling K^y K^ the areas of the surfaces of the fluid 
at any given time, we hâve 

fKJfs, +flir,dz, = A (1), 

/. t^ — = I i (2)- 



1 p Ji^az^ 



Also K^ and K^ are given in texvoA of x^^ z^, since the form 
of the vessel is given; hence z^ may be eliminated from 
thèse équations, and the value of t fbund m terms of jt^. 
Now, the particular value of z^ for which it equals z^^ îs 
given by équation (l)*; there&re^ &c^ 

£x. 1. Suppose the vessels to be both prismatic; 
which intégral, taken from z^=Q to «j,=: ^ — gjLves 



* It is clear that tUs demûnstration wiU apply to the case in 
which the vessels are separate, the apertures being joined by a 
hcwizonlâ tube. ^ 
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Ex. 2. Let us sup{x>se' the prism into whieh the influx 
takes place, to be closed at the top/ and let a be its heîght. 
Then, if p'^ represent the unit of pressure on the surface 
of the fluid in thîs vessel when its height is x^^ and p' the 
unit of atmospheric pressure, we hâve 



a — «j 



Now, p' + (gz, + j^v^D^p'+(gx^^^v')D; 



.-. t>« = «'(«f2-»i)- 



P»i 



(a - z^) D 



Or, if the height of a column of the fluid whose weight îs 
the same with the atmospheric pressure ^n an area equal 
\o its base, be represented by h ; since 

p' = ghD; .-. ^^ = g(«a-^ô-/~^' 

Now, ifi «1 + K^Xq = A ; 
therefore^ eliminating «2* 

If ne make v = 0, we shall obtain two positions of the surface 
in which the yelocity of influx will vanish. 

1 a 

148. If there be any number of vessels communicating 
as above, and having tkeir common orifices in the same ho- 
rizontal plane; calling JT^, %^, ft„, v„ respectively, the area 
of the fluid in the n^ vessel, its height above the orifice, 
the area of the orifice, and the velocity of the fluid passing 
through it ; alsq taking similar symbols with regard to the 
other vessels; since 

X 
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is the excès» of the fluîd which enters the n^ vessel above 

that which escapcR from it in the time dt^ we shall hâve 

* ■ 

Also, v\^g(x„^,^z„) (2). 

And calling À the whole volume of the contained fluid, 

^fKJz,=A (3). 

Now theré are w— 1 of each of the équations (l) and (2)- 
We hâve, therefore, on the whole, 2W— 1 équations; by 
means of which any one of the 2» quantities, t^ t?^, «r^, &c. 
may be determined in terms* of any other of them. 

149. In the case in which the system consists of two 
vessels, let us suppose a atream of fiutd to fiow continiuilly 
into one of them, and let the quantity supplied in an unit 
of time be, at any period of thé motion, av; 

/. Kidxj^'\-K2dz^ssavdt; 

also ^s/gi^a — ^i) • dt=^K^d%y 

Now, since the circumstances of the influx are given, 
tf îs given in terms of t We may therefore eliminate one 
of the quantities, «r^, %^, /, between the above équations, 
and €;stablish a relation between the remaining two. 

Eliminating dty 

K^dz^ + K^dZg^ = .1 , = . 

If the vessels be prismatic and the influx uniform, this 
équation may be rendered întegrable by assuming 

jîfg — i^l = w^. 

If the influx be such as to keep the fluid constantly at 
the same height iti the vessel into which it flows, x^ îs 
constant; and the équation 

t = ^ _ r 5'^^' 
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may be int^ated immediately. If the vessel be prismatic, 

x^ being the value of x^ at the beginning of the motion. 

150. Let us now take the case in which the fluid 
esctipes through a small aperture in the last vessel. First, 
let there be two vessels. Then, since the whole quantity 
pf fiuid which has been poured into the first vessel is equal 
to that which is at présent contained, together with that 
which has escaped, 

Also, as before, 

Whence, by eliminating and reducing, we obtain 
K^dx^ K^dx^ 



*i\/^i — ^2 *i\/*a *2 — ^2\/2 



r = 0. 



x^ 



If the vessels be prismatic, the variables will be separated, 
and the équation rendered rational by assuming 

x^ = x^(u^ •{-!). 

151. If the surface of the fluid in the first vessel be 
kept coUstantly at the same height, 

x^ =: constant = a ; 

If there be any number (n) of vessels, it may be shewn as 
before, that 

^fKdx-\'kfv^dt=^A^ and «„=\/iJ»^. 

Thèse, together with the équations (1) and (2) of Art. 148. 
make up Sn équations, determining any one of the 2n + l 
quantities, /, x^y t^„, &c. in terms of any other of them. 
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CHAP. III. 



THB MOTION OF FLUIDS ON THS HYFOTHE8I8 OF PARALLEL 

âSCTIONS. 



Uniform Motion through an Aperture of jinite Dimensions. 

152. Accoi^DiMG to tfae hypothesis of parallel sectioi^s, 
the velocities of ail the particles in any horizontal section 
of a descending fluid, are at any given instant the same; 
so that in their descent the same particles are continually 
found in planes which are horizcmtal, and tberefoîe |Mzra2Z6/ 
to one another. 

We hâve shown, that on this hypothesis, if V and v be 
the; velocities of the particles in any two descending sections, 
K and Ar, Jrr=A?t?. 

153. Let us take the case of a vëssel having an hori- 
zontal aperture i^ its base, to which the fluid is continuaUy 
supplied at the same rate, so that its surface may eventually 
become stationary and its motion uniform. Now, whea this 
State of uniform motion is attained, we bave (Art. 132.) 

p-p' = /»_^2)(„._F*); 
or, since jrF=&t?,* 

At the (»ifice p^p' \ 

2P 



t?« = 



-O-^)' 



* In this theorem^ it îs only necessary to suppose ail the pai*- 
tides of the higker and hrver sections to moye with the same 
velocities. 
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If the fluid descend by the force of gravity , P ^ DgXy and 



«« = 



... z^ — I l^-=iJ. 



Ex. 1. Fluid is supplied with a given uniform velocity 

to a vessel in the form of a truncated paxaboloid : it i^ 

required to find in what position its surface will become 
stationary. 

Let / represent the influx in an unit of time, a the 
distance of the apçrture fipm the vertex of the paraboloid ; 

h a 

K a-^-z' 

Also, the motion being uniform, the efflux is equal to the 
influx, or vks=L Now, k^wca^ c being the parameter 
of tbe pâcaboloid; 

/ 

.•. V = ; 

TTCa 

P _ ^gz _ 2g (a + zy 

\a'\-z) 
P {a^-zY 

whence « = (7 — 0) ± s/y^ + 2ay. 

Ex. 2. Where must a semi-ellipsoidal vessel be trun- 
cated, that being kept constantly fiUed, the efflux in a given 
time may be the ^eatest possible? 

Let z be the distance froin the oenter at whic|\ the 
required section must be made, and a, b, c the semi-axes 
of the eUipsoid. Now, (Art. 62. Ex. 4.) 



irah , „ <,.,..• k C — z^ 



k = — r"(^*"" *^^)> ^^^ ^ = """^^ » 



c« ^ '' ' jr c« 



.-. v^ = 
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2g» 2gc* 



1 






.-. t)*A*= -^ ^ — 1 — =^= max.; .•. -^ ^= max.; 

whence we obtain, by the usual methods, 

2 

> 

If it be required to détermine where the section must 
be made, that the velocity of efflux may be the greatest 

possible, we shall hâve —5-^ — ^=max.; whence «=c V/ ô- 

Unifiyrm Motion through a vertical Aperture of ^niie 

Dimensions. 

154. We bave hitherto supposed the aperture to be 
horizontal. Let us now conceive âuid to escape by a vertical 
aperture of finite dimensions. 

Let y be any horizontal ordinate of the aperture, x its 
depth, and v the corresponding velocity of the effluent âuid. 
Then is vydx the efflux through an élément of the aperture, 
and J'vydx is the wtiôle efflux, referred to an unit of time. 
Therefore, each particle of the surface of the fluid being sup- 
posed to descend with the same velocity, KV^^fvydx, 

Now, t>* = r* + 2gx ; 

.\fy(r'''\'2gx)idx=:Kr. 

Êx. 1. Let the aperture be rectangular; 
/. y=const. = c; fy(V^ + 2gx)idx — c/(t^^ + 2gx)idx 






< > 
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taking the intégral trom «, to x^'+ a ; where «j is the depth 
of the tbp of the aperture, and 'O its length ; 

From this équation V may be detennined, the position of 
the surface being given; or the position of the surface may 
be found, the influx KV being given. 

Ex. 2. Suppose y to vary inversely as v, so that 9 = - ; 

/. afd«^K^v^^Zgx% 
and taking the intégral throughout the length a of the aperture^ 

au = K^v^^2gx; 



£ 

a 

« 


a'a* 






V 


2jr*^»+oV 



On tmiform Motion in communioating Veasels. 

155. Suppose the vessels A and B to communicate at 
their bases; and let a fluid acted upon by gravity be sup- 
plied so as to remain constantly at the same hdght in A^ 
whilst it flows over the sides of B, Now, if jît be measured 
from the surface of A9 it is dear that the motion in the 
yessel A tends to increase that quantity , and that in B to 
diminish it: we hâve, therefore, calling V and v the velo- 
cities of the surfaces in the two vessels, p' the unit of 
atmospheric pressure on either surface, and x the différence 
of their * altitudes ; în the vessel -4, jp' = — ^ F* + C, and in 
the vessel S, p'= — ^2J + |«* + C. (Art. 132.) 

r. gx^\(p'^r^)^0. 
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Now', if ne suppose the partides- in. the two snrfoces to mare 
ail of them wiÂ the saine velocity, 



therefore, the efflux =± 4jjfc = \/ — —r . 

If the surface K be infinité as compared with Ar, fr=:2gz. 

Ex. Two mmilar pôrabolordical vessels (Fig:' 40.) are 
placed vertically above one another, and there is made an 
horizontal aperture near the vertex of the higfaer vessel^ 
through which a fluid flows into the lower, and escapes 
over its sides. The fluid being uniformly supplied, it is 
required to détermine when its surface will become stationary 
in the higher vessel. 

Let Q represent the constant influx in an unit of time, 
a the distance of the vertex of the upper par^boloid below 
the leyd of the edges of the lower^ b the axis of die lower 
paraboloid, and c the parameter of either vessel; 



1 



(b^ay • (x + af 

whençe by réduction we obtain 

«^ + (2aya)»* + (a-.2a)o« + a(6 — a)*=0;, 

« 
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t 

On the variable Motion of Fluids. 

156. To investigate the variable motion of âuids on 
the hypothesis of parallel sections in its most gênerai form, 
let us retum to the gênerai équation of Art. 131. From 
whence we obtain 

p^f{Xdw + Ydy + Zd«] +/D{0da? -h 0'dy + ip!'d«} . 

Let ds represent the space described in the time dty by 

the particle whose oo-ordinates are œ, y y Zy and v its velocity ; 

dv 
thea is — the effective accelerating force upon it. 

.-. p^fD{Xdx'\- Ydy + Zdz] + / D< ■■ J \— 

K^ î as j az 

^fD {Xda, + Ydy + Zdz\ + /*» ^ ds. 

In the case in which the fluid is homogeneous, and the 
force that of gravity, 

p^Dfgdz + Df^^da {A). 

Nour this intégral must be taken throughout a Une of 
particles extending to the surface of the fluid, at the given 
instant when the motion is to be determined. 

The quantity v is manifestly a function, as well of 
the positian of the whole mass of fluid, as of the position 
of the given particle within it; or it is a function of t 

/dv 
—- de is to 
dt 

be integrated at a given time, or ewcliisively with référence 
to the variables a?, y, x, To do this, we must clearly, in 

Y 
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the first place, endeavour to express — in terms of a?, y, «f, ty 

OlV 

the variables on which it dépends. With this view, let us 
hâve recourse to the hypothesis of parallel sections. 

157* Let it be assumed that the motion is such that 
a plane being taken, at any instant, perpendicular to the 
motion of any particle of the fluid, ail the ot^er particles 
at the same instant passing through it, will move with the 
same velocities and in directions also perpendicular to it. 

Let K be the area of any section taken as above, and 
k that of any given section of the lieaael or other containing 
surface through which the fluid is made to pass. Also, 
let V and v be the velocities of the fluid corresponding to 
the sections k and k, 

vk 

K 

Differentiating with respect to ^, 

dv k dv vk dK k dv vk dx de 
dt k' dt K^' dt K dt K^' ds' dt\ 

ds kv ^«/ , , dv de 0,0 ^« 

but — =i;=s — ; •••T:»* = *-rr ^ *^ — î- 

dt K dt at K . K 

Now Vf and therefore -;-, is a function exclusively of 

dt * 

the timey the position of the section k being given. Since, 

therefore, the intégration is to be performed considering ty 

dv 
and therefore v and -j- , functions of that variable, constant ; 

dt 



/dv . .dv rdB , 
dt dtJ K ^ 



v^W 

_2 
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158. Let U8 take the case in which the motion tends 
to increase the co-ordinates. Let K be the area of an 
extrême section or surface of the fluid, and let z^ be the 
corresponding value of «, and N the value of the intégral 

/da 
— , taken fi*om «y^ to «. Also, let p^ be tbe value of 

4 

the pressure on the surface. 
••• P-|»,=ff(«-«i)-*|-V-i««A«(i- ^) {B). 



On the accelerated vertical Motion of a Fluid. 

159. Let us suppose the motion to be whojly vertical, 
and the fluid to be contained in a vessel, through an hori- 
zontal aperture in whose base it escapés. 

Now, the section k may be any whatever of the vessel. 
Let it coincide with that made by the surface of the fluid, 
or let AfsssJT; also, let V be the velocity at the surface. 

Now, at the orifice let k be the value of k^ and a the value 
of «: also, to simplify the notation, for »^y write z. Then, 
since at the orifice Pi=pi 

o=^(^-«)-jrjyr^-iir'F'(i-±) Uq. 

dV 
Now, -j- is the accelerating force on the surface of the 
dt 

fluid; also z is the depth of the surface below a given fixed 

point; 

dV 
... —dz^^VdV: 
dt 
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aod muKiplying by dx, we hâve 

0=gia-z)dz-KNrdr^^K*(^, - ^)yàz (D) 









and ''«^^ 



ViTJV/ 



are functions of z: the above is, therefore, a linear équation. 

If t? represent the velocity at the orifice, Fir=t>&; 
JT* -«>^ \-KTr)'^' M /a-z\ ^ \-KN-f*' 



■•.«' = ^e 



•/^(tî^')^ '''' '*« + ^|- 



which équation mvolves a complète solution of the problem. 
Suppose the vessel to be prismatic. In this case, 



i 



taking the intégral from to x. 
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If JT* = 2*', we hâve »* = - , and the intégral fails. 

. 

We must in tHis case retum to équation (D), by substitu- 
tion, in wfaich we obtain 

.. 2ff 1 i — 0; 

.•. Zg h. 1. ( ) = 0; 

° \a — z/ a—z 

.-. r»=85'(a-»)h,l. (jî^); 
The velocity is a maximum when 






160. If the fluid be continually retained at the same 
given (dtUude A, the quantities z, E^ N are constant, 
and the équation {C) may be integrated immediately. By 
transposition we hâve 

KNdV 
.: dt = 



^'>-\'^^ih- h) 



+ F\/Ç-. 
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Now, »*= VK\ 



.\t= — , " h.l. ^ ^ , .\ + C. 



N 



y^«^{h~i^ (VâiÂ 



When ^ = 0, » = 0; .'. C = 0. 






v^'^Kï^-fO 



Let =s X ; 

iV 



whence 






161. As ^ increases, the quantity — ^ continually 

approaches to unity as its limit, and the value of v to 

which expression we bave before shown to repre- 



er 



sent the velocity of the fluid, when the motion bas at length 
become uniform. 

It appears then, that on the hypothesis of parallel sections 

the velocity can never atrictly become uniform. If, however, 

k be not very nearly of the same magnitude with JT, and 

the altitude h be not exceeding small, the value of X is in 

ail cases comparatively great, and the greater continually as 

k 
the ratio — is less, and the altitude h greater. The fluid 

may, thereforè, in the case we bave supposed, be conçidered 
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to attain a velocity which is very nearhf uniform after a 
^^niie or even an exceeding small interval of time. 

162. Iji the case in which 


Ap = JT. X = 0. and v = -* . 

. 

The solution faîls, therefore, and we must hâve recourse to 
the équation (C); whence we obtain, making k^E^ 

ghdt=^KNdV.i .\ght^KNV. 

Hence it appears, that in thia cwe the velocity of the de- 
scending fluid continuàlly increases with the time, and that 
an unifoim motion is never attained. 

163. If Ap be greater than £, and 



X = 



^'^* {h - ïï) 



• - er 



JV' 






tan — . 

2 



In this case, therefore, as in the preceding, the velocity 
increases with the time, until X^ = w, when it becomes 
infinité. It appears, then, that according to the conditions 
supposed, no finïte influx can keep the fluid constantly at 
the same height in the vessel, during a time represented 

by the formula ^ = — . 

A 

164. Let us suppose fluid to descend in a vessel formed 
by the combination of any number of smaller vessels. Let 

■ 
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^9 ^19 ^£9 &^* ^ respectively the distances between the 
surface and aperture in the hi^er yessel^ and the distances 
between the apertures in the rest of the vessels; let K^^^ K^^ K^ 
represent the surfaces of the fluid in the vessels, and k^fk^y k^, 
&c. the apertures. Also, let p^, p^, Ps^^^Pn ^® respectively 
the pressures at the apertures. Then is p^ the pressure of 
the atmosphère on the surface of the fluid in the upper vessel. 
Therefore (Art. 157.) 

&C. = &C. 

ïf, therefore, a represent the height of the aperture of 
the highest above that of the lowest vessel, and N the sum 
of^the quantities JV^^, JV^, &c. 

Now, k may be any section whatever of the vessel, « being 
the velocity through it. As before, let it coincide with the 
surface K. Then, multiplying by — diif, we shall hâve 

From this linear équation ail the circumstances of the mcytion 
may be determined as before. 



CHAR IV. 



01>^ HTDRAULICS^ OR THB MOTION OF FLUIDS IN PIPES. 

To détermine the motion of an incompressible fluid in an 
exceedingly slender tube, the bore or transverse section of 
which is every where the same. 

165. In ail cases of fluid motion when the impressed 
force is gravity, we hâve 

p^fDigdz^fds). 

Now this intégral is to be taken throughout the fluid at 
a gwen instant of the motion. But, the section of the tube 
being every where the same, the motion gI every particle of the 
fluid it contains, is at any given inatcmt the same, or, the 
accelerating force /on each particle is the same; wnàj'fds^fs. 
On the supposition therefore that D is constant, 

p ^ D(gx -./*) + C (A). 

Where 8 is the distance, measured along the tube, from the 
extremity by which the fluid enters, to the point where the 
pressure is to be determined. 

166. Suppose a fluid to enter a pipe, as above, from a 
réservoir whose surface is of infinité dimensions, as compared 
with the section of the pipe. It is required to détermine the 
motion when it bas become uniform. Let x be the depth of 
any portion of the fluid in the tube beneath the surface of 
that in the réservoir. By équation (A), 

p = Dgx + C, 
Z 
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since /— 0, the velocity being uniform. At the cxtremîtjr^ 
where the tube communicates with the réservoir^ let » ss z^, 
andp =p,; 

••. p^ =: Dgx, -f C. 
But (Art. 132.) p, = Dgx^ - ^2>«« + p' 

p' being the unit of atmospheric pressure on 'the surface, and 
V the velocity at the orifice ; 

.-. C = - ^Dt?* + p\ 

and p = /)^ — i-Dw* +1^'- 

Hence at'the extremity of the tube where the eflux takes place, 

= Dgss — ^Dv\ and v^ =i Qgz. 

167- Suppose the fluid to be wholly contained in the 
tube. Xiet s^ and ê^^ be, at any time, the distances of its two 
éurfaees from either extremity o{ the tube, measured along it. 
And let ss^ and z^ be the eorrèsponding depths of the surfaces. 
Then taking the intégral {^) from one surface to the other^ 
^nce at both p equals the pressure of the atmosphere> we haye 

9 
* 

^ndgenerally . , . 



I ■ »■ 



* Thls équation results immediately^ from the considération that 
tlhe iBtMitîon is produced by the pressure of that portion «f the fluid 
which is above the plane of the two surfaces. Now this pressure is 
équivalent to. thè weight of a iluid column of the same base and 
«ltitud«i Therefore tha effective moving force equals g (z^,-^ z^ k. 
And the iirass itioved is (s,^^s,) Je; therefore the acceleratii^ force ^ 



-(s> 
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P=l»'-^(«-«^+*(7^')(«-0 (O- 

Now vdv ^fda^g {^^^^^\ ds/, 

••*'•" *^/(^) ''*' • (^>- 

If the quantity ofjluid contained in the tube be confltantly 
the same, 

«^^— 8^ ss: constant = o; 

168* If the tube be incessantly suppUed with fluid, sq 
that the fttream may be conHntwua from thé point where it 
first entered it, z^ is constant^ And taking *the origin of 
the co-ordinates at the point of influx ; since a^ = 0, and 



©« 



^^gj-^ .♦•-. (^* 



Ex. 1. Let the tube ACÂ (Fig/ 50), curved at C, hâve 
its branches AC and A'C perfectlystraight,' and' let them be 
inclined to the vertical at angles y and y\ 

ê 

Let M and N be any positions of the surfaces of a fluid 
numng in the tube, and let P, Q be their respective positions 
when there is an equilibrium« And first let us suppose the 
quantity of fluid to Temain the same throughout the motion; 
.-. MN^PQi and takiïïg away the common part JVP, MP^QN. 
Now thé altitude of M above N 

= «^^— âf^ŒPjlf cos 7 + <ÎJVcos y =PM (cos 7 + cosy). 
Let PM^œ ; therefore, fey équation Z>, 



IfiO 

v^ rs — .-« y (cos 'y + cos y) wdœ^ 

c 

.«. f?« -s -£ (cos 7 +COS 7') (wf^w^)j 

w^ representing the extent of the oscillation ; 

.•. t =5 < ; rr > COS"^ (—Y 

(2^ (0087 + €087)) \(bJ 

The oscillations are tfaerefore îsochronous, and are per- 
formed in a time represented by the formula 

\ ' ^ ]\ 

(2^ (cos «y + CO8 7)) 

Let the tube be inverted as in (Fig. 51). Hère the ac- 
celerating force manifestly tends to increase the quantity Xy 
and we hâve, 

2y? 
t)* ss — y*(cos y + cos y) mdsb 

c 

5= — (cos y + cos 7 ) (^* — a?/) ; 

c 

=S < : -*- — j-\ il. !.■■■■ ■■ ' ■ » ! . 

(2^(cos7+cos7)) d?^ 

Next lét us suppose the position of one of the surfaces 
of the fluid to retnaîn unaltered. Lét the êtationary surface 
be in J<, (Fig. 50), or (Fig. 51), and let the moving surface 
be in iST. 

Let ACjf = c, JCN = ^ ; .-. NJ' = ± (^ — «). 

The sign + being taken according as we take the position 
of (Fig. 50.), or the inverted position of (Fîg. 52.) Hence 
we obtain 



«^ = ± (c — ») C08 7' ; 
therefore by équation Ef 

o' = + 2g C08 y /. ( j ds 

= + 2^^0087' <ch. 1. (« — ^^(. 

The position of the surface iV, at which the velocity &= 0, 
or, in other words, the greatest distance to which the fluid 
can, on the hypothesis, be made to flow in the tube, is deter- 
mined by the équation 

c h. 1. (« — « ) = 0. 

Ex. 2. To détermine the motion of fluid in a cycloidal 
tube. 

Let us first suppose a given quantity of fluid to oscillate 
in the tube (Fig. 52.) Let MN be the portion occupied by 
the fluid at any period of thè motion. 

Take JPss^MN, arid let it be represented by S^ Let 
PM^Sj and a = radfus of generating cirde ; 



.'. 8a.LK := 4iS8; »•. LJT = — . 

2a 

Now by équation D, 

• * 

o« = - 2^ f^ ds = ^ i^fsdê = -^ («/-O- 
^J QS 2V éar^' ^ 

Whence we obtain 



'-v1/ç:65«-v]«.-.(i). 



When « = 0, « = 2V/?.-. 

The osdllarîons are tfaerefore isochrouous and are each per- 

formed în the time 2w\/ - . 

g 

Suppose the tube (Fig. 52.) to be inverted. Then a& 
before 

2a 

Suppose the tube to be kept oontinually fuU. 
Let ^Jf as 0-; .\AN — ^S—a\ 

V/r— V' 

.-. 8aZ,^ = <r' - (25' - 0-)*; /. L^ = îlf_r_. 
Now (équation JE), 

.\ t^yj — /—==== « « V — vers-* ( - I. 

The vélocity vanishes when iS^=2<r, or ^i^T s 3 Jif, and 

after thé time 27p V/ — . 

g 

I^x. 3. To iind the lime of the oscillation of « fluid 
in a. tube in thç forni of a catenary (Fig.ifS.) 
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Let BM^Sf AM^s^f ACssb, fs^ and z^^ the depths ot 
the surfaces of the fluid below the point A^ MN^c; 

j-. %^=sh - ^a'-f*% «,,»6 - ^ a* + (« — *)*• 
Th^efore, (équation 2>), 



„« = ~ €fo«h.l. {(c-0 + \/«'+(c-«)*}{«+N/a' + «'} 



+ (c-^)n/«*+(c-«)* + «nAN^J +C. 

169. To détermine the motion of a fluid in an unequal 
tube BC, (Fig. 54.), the transverse sections k^ and k^^ of 
whose branches AB and JC are the same throughout each 
branch. 

Let f^ and f^^ represent the effective accelerating forces, 
and v^, v^^ the velodties of the fluid in the branches AB and 
AC of the tube respectively, and let M and N be, àt any 
given time, the positions of the surfaces. Let AM. ^ ^ 9 

Integrating équation (A) throughout the fluid, we obtain 

Now^ supposing every particle in each transverse section 
to move with the same velocity, we hâve 

' ' " " dt dt 

r 

Whence^ elbninating in the preceding équation, we obtaîn 

Ex. 1. Supposé, a given quantity ofjluid^ c, to oscillate , 
in a tube whose arms are straîght, and let PAQ be the position 
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of eqvdUbrium. Let PM—a, incUnations otPÈ and QC ta 
the TerticaT = y^ and 7„- 



AM .k^ + AN .k^^=:^AP .k, + AQ.k^^i PM,k^='iiN.k^,. 

* 

Now ;îf^— af^^=PJIf co87^+QiV"co8 7„=<r cos y,-^r^<y cos*/,^, 






whence we obtain by substitution, 

. ^, «gfe,(Ap,cos>y+A:,cosx.) J(,_,)+^b.i.4z:^? 

(T being the value oC g wben i^sO. 

If the oscillations be exeeedmg amaU; neglecting thé 
powers of <r and <r^ above their squares, we hâve 

'' -«' ^a;+^,aa — ^"' '^- 

Whence it appears that the small oscillations are isochro- 
nouêy and that they are performed in the time, 



If the surface Q of the fiuid be kept continually at the 
same height we shall obtain from équation Ey 



v'^sF^+S^cos 



-K^tn--(^4^')-.|' 



where V is the velocity, when îr^ = 0. 
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170. If the bore of the tube be not the same throughout, 
the quantity / becomes a Ainction both of the position and 
the time, and we must hâve recourse to the hypothesis of 
parallel sections. 

By Article (156), we hâve 

, dv pdè , A^t?* ^ 

Taking the intégral from one surface to the other, and 
representmg /< — by JV, we hâve, since the pressure is. the 
same on either surface, 

^ ^ '' '^ dt ^ \Kf K^f) 

where K^ and K^^ are the sections of the tube at the surfaces 
of the fluid. Now k is any section whatever of the tube ; 
let it coincide with that surface K^ of the fluid from which 
the intégral N is taken. And let V be the corresponding 
vdocity ; 

' ••.o = ^K-«,)-jrA^-ir'(i-^): 

.V = ^ («« - *.) d. - JT^iV Fd F-i r« (1 - ^^ d», 

Now the dimensions of the tube being given, K^ is given 
in terms of «^^ also the quantity of fluid being given, K^^ and 
N are given in terms of z^ and x^^^ and x^^ is given in terms 
of «^, and x^ in terms of 8^. The quantities K^^ JT^^, AT, ar^, ss^^j «^ 
are therefore ail given in terms of one of them s^. The equar^ 
tion is therefore linear and may be integrated as before^ 
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CH AP. V. 



ON TH£ BESISTANCE OP FLUIDB. 



171 • liET a plane surface M be supposed to move with 
an uniform velocity v in a fluid ; of infinité dimensions. Sup- 
pose also the motion of the fiuid to be uniform and in 'a 
direction opposite to that of the body, and let its velocity 
be F. 

Let / be the effective accelerating force generated or 
destroyed in any particle /a of the fluid, by the reaction of 
the plane, and estimated in a direction perpendicular to its 
surface. Also let R represent the pressure on the plane. 
Then is — jS the résistance or force impressed on the fluid, 
and 2//A the whole effective force estimated in a direction 
perpendicular to the plane. And therefore by d^Alembert^s 
principle, 

^ffi- R^ {A). 

The intégral 2//ut is to be taken with regard to the whole 
fluid màss at a given instant of time. Now since the velocity 
of the stream, and that of the body are constant, the dis- 
turbance is uniform, or the accelerating force (/), generated 
or destroyed, in every particle, similarly situated with regard 
to the plane, is the same in every part of its course. Con- 
sidering therefore the line of particles which occupies the path 
ôf any particle (/ui), at présent in contact with the surface 
of the plane, it appears that / is, with regard to each of the 
particles which compose that line, the same as it was with 
regard to /a, when it occupied the same relative position. Now 
with référence to this line of particles, if ds represent an 
élément of its length and Ailf that élément of the plane M 
which forms its base, we hâve, 



/> 



4 



187 

But JfdB^ taken with respect to the différent particles 
of the column at any given insfànt, is the same with ff de 
taken with respect to the single particle fi, during the dirent 
suceesêive instants of its motion. 

Calling v' the whole velocity generated or destroyed in 
the particle /i, estimated in a direction perpendicular to the 
plane, we hâve therefore J'fds » ^ «'*. And, as fer as it 
regards the line of particles in question, 

« 

the intégral being taken from those particles among which 
DO disturbance is produced, or «' = 0^ to those in immédiate 
contact with the plane. 

On thé whole therefore 

Now if the direction of the motion of the plane, and that 
of the stream be inclined to a perpendicular to the surface 
of the plane at an angle ; the yelocities of the plane and 
fluid, resolved in that direction are respectively V cos0, 
and V CO8 0. Also the velocity perpendicular to the plane 
is destroyed in that fluid which is immediately contiguous 
to it, and a velocity equal to its own is generated in the 
opposite direction. On the whole therefore the velocity lost 
in a direction perpendicular to the plane is (F+ o) cos (f). 

•'. iï « i^S (FTt?)^ ços'^AJIf. 

Ând if we eoaceive the velocity of every portion of the 
iuid at présent in contact with the plane to. hâve been the 
same before the disturbance, 

JÎ = |DJf (FhFu)*cos»0 (B). 

If the plane be perpendicular to the direction of the 
stream, = 0, and the gênerai expression becomes 



188 
R^:^DM(r+vy*...... ....•.<€). 

17^' "l^he abpve is the résistance to motion in a direction 
perpendicular to the plane. Now this direction makes, by 
supposition, an angle <j> with the direction of the stream. 
jResolved in this direction, that is, in that of the motion of 
jthe plane, the résistance becomes therefore 

R œs(f) rr: ^DM (VTvf cos^ (f) (D). 

And resolved in a direction perpendicular to the stream ; it is, 

iîsin0 = ^Z)Jlf (FT^yooa'^^.sin^ (E). 



173. This last quantity is a maximum when cos^ sin 

1 



is a maximum^ or when 



— • 2 pin (f) + cos = 0, or jtan ip ^ ^^ 



* The theory of résistances jmay be dedueed from the gênerai 
theorem (Art. 132.) as follows: 

Suppose a fl^id to impinge with an imiform velocity on a plane 
at rest. 

Now^ considerlng the Une of partides which is in the path of a 
given particle ôf the impinging jBuîd, taking the plane jey beneath it^ 
and calling p, z, v the pressure^ altitude^ and velocity at the point 
where the disiurhançe of the given particle by the plane commences ; 
and p^f z^", v^ those at the point whece it cornes in contact with the 
plane ; since the motion is in the direction in which the pressure is 
estîmated^ or tends to increase the co-ordinates^ we h^ve (Art. 132.) 

Now^ if we suppose the pressure at the posteriar surface of the plané 
not to be ^ffected by the disturbance of the fluid^ the unit of pressure 
on the corresponding point of that surface will be represented also 
by p; .*. p,'^p is the différence of the unîts ôf pressure at coirespond- 
ing points of the two opposite surfaces of the plane ; 

... 2 (p -p) M = DgS (z - z)M + è D2 (i;2- «;) ^ 

is the mhi^e pressure tending to produce motion in the plane. 

If, therefore, 2 = 2,, and v^ = 0, résistance =^D2v2fi. (See 
Appendix D.) 
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Tfae angle thus determined is clearly that at which the 
rudder of a boat must be inclined to the stream, to produce 
the greatest possible efifect in tuming it. 

174. If a body be symmetrical with regard to a certain 
vertical plane, and move in a direction parallel to that plane ; 
the résistances on the two symmetrical portions of it, resolved 
in directions perpendicular to its motion, will manifestly be 
equal and opposite. ïhe whole effective résistance is there- 
fore in the direction of the motion of the body. 

4 

Ex. Let a symmetrical wedge be supposed to move in 
the direction of its axis. Let either face be representéd by 
Jf, and let be the inclination of thé faces to one another. 

Then is ^ the inclination of either face to the direction of 
2 

the stream : therefore by équation (D), / 


résistance = DJf (F'+t>)*sin*'- . 

175. To find the résistance on a solid of révolution 
moving in the direction of its axis. 

Suppose the surface to be made up of elementary planes 
PQf (Fig- 55-) formed by sections made through the axis 
ABy and perpendicular to it. Let PT be a tangent to the 
generating curve in P; then is PTA the inclination of the 
plane PQ to the direction of the motion. And the résistance 
on PQ in that direction 

= ^D(VTvf.PQ.cos^ (J^PtA 

=:^D.PQ.{V + vysm^PTA. 

Now the angle PTA is the same for every plane similarly 
taken in the annulus ; therefore on the whole the resistanèe 
on the annulus JTQ = ^ D . JTQ (F + «)^ sin^PTA. ' But if 
^ and y be co-ordinates of the point P, in the generating curve 

dv 
sin PTA = 3^ , and JTQ = 2<jryd*, 
as 
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/ 

résistance on annulus KQ = wD (^ + »)* y (t") ^* 
And whole résistance = ttD (V+vf f y (jA dy, 



-2^-1 



••- = -^(»^+')/î'l^+(rD' ï ^'^^' 

The above is the résistance or whole impressed force 
generated by the fluid in a direction opposite to the bodies' 
motion. The effective retarding force* 

impressed force -D ^wr— n2 t \dœ/ ) .^. 

mass 2/ jydœ 

Ex. 1. To find the résistance and retarding force on a 
sphère. 

Hère the équation to the generating curve is 

da _ y /dy\*^ g* 

» 
therefore résistance = ^ ^J (a* — y*) ydy 



— ^5 — {i« -i« } = i . 



taking the intégral from y = 0, to y ^ a. Now the volume 

.4 , . . 

pf the sphère is - tt»-. If therefore D represent its density, 

and the flmd be at rest, the retarding^ force œ ■ , _. = — ;; — ; 

loUa loa 

where a is the ratio of the spécifie gravities of the solid and fluid. 






* This term is used in opposition to apcelerating Jorce. 



V 
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Ex,. 2. To find the résistance on a spfaeroid. 

a 
Hère o — â? = ^ (6* — y*)i; 

da a —y 

■ * "*" toj ~ 6« (6«-y*) ~ 6*(6*-y*) ' 
.-. résistance = T2)(rq:«)*ft» / ^w~ , fl^ 

V 

~ aV y ft* + a«ey 

,r2)(r+»y6«C p {Va*t? Jrb*) ydy ',} 

--^^^^K^-^K-^)-'}^ 

; 

taking the intégral from y = 0^ to ^ = 6. The mass of the 

4 
spheroid is '-ctfe^ir-D'; therefore the retarding force 



4 
3 

3 (F+ 
8 






Ex. 3. To find the résistance on a solid generated by 
the révolution of a cycloid about its axis, and moving in 
the direction of that axis. By the nature of the cycloid 

Af = a (l — cos d), y = a (0 + sin 0) ; 



dœ smO 9 . /dy\'^ ^9 

-- sss , _ = tan - ; •*• 1 + ( -7- i = sec - 

dy 1+COS0 2 \dœ/ 2 

Also ydy = a* (9 -f sin 6) (l + cose)d0 

9 
«= 2a* (d + sinô) cos'- d9; 



V» 



2 



/ 



19« 

6 
therefore résistance = 2irD (F+ v)' 0^/(9 + sinô) cos*- d9. ' 

9 1 

Now cos*- = - {cos2$ + 4cosd + 3}; 

ô 1 V 

.-. /cos* - . . d0 = - <i(20 8iii20+cos 26) 

+ 4(0sin0 ^cos0) +-(?*>. 
Also Aind cos*- d0 œ — 4/'cos*'- d co?-" = cos*'^; 

•^ 2 «^2232 



therefore résistance = 2irD (r + t>)* 
„Ç0sin20 COS20 9sin9 . cos0 3^2 .0) 

(16 - 32 2 ^ 2 ^ 16 3 2>^ 

And taking the intégral from = 0, to = tt, 

résistance = wD (FhF «)* . a* . < — + - >. 

176. To find the résistance on any symmetrical body 
moving in the direction of its axis. 

Let u = be the équation to the surface of the body, 
the axis about wfaich it is symmetrical being taken for the 
axis of œ, , 

Then the Une of the inclination of any elementary portion 
of the surface, whose co-ordinates are œ, y y x, to the direction 
of motion is 



du 
, dw 



/dtt\*)r 



m + (g) ^ m 
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Now the area of the élément is 



ayaz; 



du\ 



(au 
dœ 



.-. résistance ^ iD(V + vy // -- — r — ; — - . 

^ ^ ^ JJ idv^ /du\^ /du\^ 

177* ^ 'A^ rectilinèar motion of a hody in a resisHng 
médium. 

Suppose the médium at rest, and let kv** represent its 
retarding force on the motion of the body. Let the motion 
take place whoUy in the direction of the axis about which 
the body is symmetrical, and let the fluid be homogeneous. 
So that the quantity ky dépendent on the mass, the ratio of 
the densities and the surface on which the résistance takes 
place; may be the same throughout the motion. 

Let œ be the distance, at any time, from the point of 
projection, and + P the force accelerating or retarding the 
motion of the body. 

The whole accelerating or retarding' force impressed on 
the body at any period of its motion is + jP — At>*; 

.-. t?dt) = ± Pdœ — kv^dœ...,\ (l); 

.-. (%f -f ^kv^dœ =z ± 2Pdœ; 



«^ = e-**' 



{±2/P€^*'da? + C} (2). 



* The retarding force has been shown to vary as the square of 
Ûte velocity^ in thai case onhf in which the motion of the body is 
«liiform. The theorem eamiot be extended to the case cf variahk 
matkn fxcepi as an approximatkm. It is in this sensé that ît is hère 
given. 

2B 
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178. Ifi the case which P is constant, 



i)« = e-"' 



{ ±2P/€"'d^ + C} :;=€-"' j ± ~(e«*'-l) +t>/?. 



where v^ is the velocity of projectîon. 

179. When 0? = 00 *% v«= +?. 

Taking the positive sign yte find that \/ — is a quantity 

k 

to which the velocity continually approximates as the distance 

increases, but which, in any finite distance, it never actually 

attains. This velocity is called the terminal velocity. ^ 

180. If the négative sign be taken, the terminal value of 
v becomes impossible. The motion in this case therefore ceases 

* at a finite distance from the point of projection. > To find 
this distance, let v = ; ' 



whence we obtain â? = — h. 1. ( — - + A. 

2A; \P y 



181. - ' 






l±f-(*^••).-i 






h 



Jtkxi 
€ 



THe intégral of this expression is a logmthmic or circular 
function according as the upper or lower sign is taken ; that is, 
accordihg as the force is in the direction of the motion^ or 
opposed to it. In the first case we hâve,' taking the intégral 
from to iT, 
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t =r — r.= h. 1. 



•Vl-. 



JKP iy^ 






In the seconnd case, 

t = ?==. 1 C08~ 



I 
1 



. J C08 jrm -- cos J7-Î f 

Substituting for x its maximum value, we obtain for the time 
in which the greatest distance is attained, 



1 1 1 

/ = ;==.COS'^ 



When i?^=oo% /== 



Which quantity mây be considered as a limit never exceeded 
by the time of flight. 

182. The- distance œ may immediately be found in tenus 
of the velocity t?, (and conversely), when P is constant, by 
équation (l),.from which we obtain. 



dœ = — ? 



+ P-A:i?« 



; .". /P = -— h. 1. i-==-;r T-^h 



183. On the amaïl vertical oscillations offioating bodie^ 
as (iffècted by résistance^ 

That portion of the accelerating force, on bodies oscil- 
lating vertically, which anses from the pressure of the fluid 
(independently of the résistance), varies as -, the distance 
of the plane of equilibrium . from the surface of the fluid, 
as long as that distance is small. Call it w. Let v be the 
corresponding velocity, and suppose the variation of the 
resisting surface to be small as cempared with the whole 
surface, so that k may be considered as remaining constant 
during the motion. 



196 

Let Mœ equal the accelerating force produced by the 
pressure 6f the fluid ; 

.-. P = - Mœ. 

and v" = €-"* {^iMfxe^'^dœ + C\ 






{-^(--S)--^ 



Takîng the intégral from œ^ to «r. Now neglecting terms 
of above three dimensions in œ and a?^, 

(ikw^—l) e"<"-" = (Sftaf- 1)+2&* (m/-**) + 4&*a?, («.-a?)* ; 
Whoice we obtaiâ by réduction 



-1^*7 -1 ^a?(l — â^*'?y) + 2AF^/ 



cos ^SAfo?.— cos 






For the whoie o^illation, 

cos'"^2A?a?. 



< = 



^Mil-^ka^y 



184, i^o det&rmine the vertical motion of a hôdy thnmgh 
ihe atmosphère, when a^cted on by no forces, bt/t simply im- 
pelled by the velodty of its projection. 



-2-»-! 



J ydœ 
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retarding force = —, vl^k, D being the density of the air, 
and jy that of the body. Now if we consider gravîty constant^ 
we hâve (Art. 121.) D^D^ e'^^ where D^ is the density of 
the atmosphère, when « = 0. If therefore o- = — '; retarding 



force = k<rv^€ *; 



z 



.'. — udtJ = *crT?*e ^dz; .'. 



dv 



2 



V 



2 



— Stkare '*dx; 



— « 



V 



.\ hA. —^ = 2kh<r (c * — l) ; .*. h. 1. - :s= khar (c * — l) ; 



V 



V 



186. The above theory is applicable to the motion of 
rays of light incident nearly perpendicularly on the atmo-^ 
sphère. '^ 

If we suppose v and v^ to be the vdocities in two con- 
sécutive média, <p, ip^ the angles of incidence and refraction 
at their cbmmon surface, and Z>, and 2>' their densities, we 
hâve (Poisson, Art. 307.) 

v^ ^ siïKJ) «^ — 1> tan^(0 — 0^) 

V sin ^/ " v^-k-v tan^(<p + (p)' 

But since v and v^ are exceeding great, and v. •— t? finite, 
© -I- tj^ = 2tJ. Also <f> " <p^ is exceeding small ; therefore 
^ + <^, = 20; 

u— 'i? tani(<6— <6) « — t? 

.-. -^ = . ". - ; ••• — 0/ = -^^ tanô, nearly. 

2tJ tan0 ^ ^' V Y^ J 

Now by the last article, 



m 



very nearly; since (2> — Z>^) is exceeding. small. 



V 



ly 



kh 
and (p^ — :ss ~ (D -^ D^ tan 0. 

Which is precisely the restdt given by observation*. 

186. We hâve supposed the same theory of résistance 
to obtain in incompressible and elastic fluids. This is however 
by no means the case. The intégral J'D . AM .fds is mani- 
festly to be taken in elastic fluids; regard being had to the 
variation of density produced by the résistance. This varia- 
tion cannot be determined on any principles hitherto established. 
If, however, only that portion of the fluid which is in im- 
médiate contact with the body be considered, and its density 
be supposed uniform; then calling D the density before the 
motion, and jR, at any time, the résistance. The density will 
be represented by 

Z> + C.R. 

4 

Since the incrément of density varies as j?. 

.-. R=^M{D + CR)ffd8=lM(D + C.R){VTf^y; 

l'-^MDiVTvy' 

On cuTvilinear motion in a reHsting médium, 

187- If a body move in a resisting médium, impelled 
by any given forces; its velocity - will be thàt due to the 

* Generally^ the médium being given^ the résistance varies as 

fyTf where IX is the density of the body, and <pa direct function of 

its magnitude. Hence therefore however small the body may be^ 
if its density be proportionally great, the ^coefficient of the résistance 
will remain finite, and, when the velocity of projection is exceeding 
great (since it can only receive ajînite diminution) the expression 
P—kif will, throughout the motion reduce itself to —ki?. 
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uniform action of their resukant, through onë quarter of the 
chord of curvature which is in the direction of that résultant. 

Let X and Y be the forces, resolved in the directions 
of ar and y {Pœ and PM, Fig. 56). Take PN the normal 
at P, and let PQ be the direction of the résultant of X and Y. 
Let the motion of the body be toward B\ 

..--^-X-.Rj. ,..................(1), 

^=--4: '-^^ 

,^dyd^--d-^y^Yda>-Xdy- 
dr 

Now tan QPN = tan {QPM -f MPN) 

X dy 
_Y ^lœ _ Xdœ+ Ydy 
Xdy ■". Ydx - Xdy ' 
* "" Ydœ 

«T.»r Ydw-Xdy 
••• «'^ ^^^ = (X'+Y^)ids ' 

/. ^ chord of curvature in the dîrectidn PQ 

dd^ Y dm -Xdy _ 

= dy^a>-da>^y{X*^Y')^.d8 - ^^ ^"PP*"^ 

d"0 = 2^ (^* + *')*• 

Therefore, ' the velocity is that due to the uniform action of 
the force (JT* + F')* through the space K. 



• 



188. From (équation l) x y - (équation 2) x « we obtain 

Now iî is a function of ^-^V and of the dènsity» also thîs 

last is a function of œ and y. Eliminating ^-- j, therefore 

between the équations (3) and (4) we shall obtain an équation 
in œ and y to the trajectory. 

189. If the force ^=0; from (équation l) x dx 
+ (équation 2) x dy, (or directly on the principle of the 
com^ervation of m% «itja), we obtain 

dx?- = - 2Fdy-2jRd« (6). 

Yds^dœ ^^ds^ 

Now by (3) .^- = ^^^^_^-^= - r^, 

considering ({a? constant; 






....(^^;r)=.r....Q^^; ifi. = Q(^: 



Suppose F = constant ; 

d^V ^ de . . 

{d'yy d'y 

190. When the force P tepds to a center, the velocîty 
is that due to one quêter of the chord of curvature through 
it. 



By (équation 1) xdte^ (équation 2) X'dyi we hâve - 

.-. d (Pjr)=: - Pdr^Rds, 

— y = iQPK; 

.: d(Pjr)+2Q (PJT) d« + Pdr = 0. 

Now if p represent a perpendicular upon the tangent 
from the center of force, 





* dp K p 




.: dh.l.{PK) + 2Qd8 + dh.lp'^0; 




.-. h.l. — p- + ZfQd8^0\ 




.•.c.-^-' = pirp* = p^; 


1 


dp-« ^v«<- 




• Pdr~C 


1 , 1 dr- « /dtt\* 
Nowlet«_-; •• P" = ,» + ,4^^ = « + U) - 


dp-* 
du 


2d*« dp-« , ,d*« Pe*^"* 

— .auj ; ,•.__£ a=2«' + 2U sa ■- : 

""^ dô* ' dr 'de* C • 




d*t* . Pe*^"' 
dél* 2C«* 



191* Results deduced on the preceding theory of re- 
stôtance, are in many cases whoUy at variance'with experiment. 

V 

The foUowing may be assigned as causes of this dis^ 
cregancy: 

2C 
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* 199. First, the level of the fluid is net the same at the 
two opposite surfaces of the body, it is higher than the level 
of the rest of the stream at the anterior, and lower at the 
posterior surface. 

Let the plane PQ (Fig. 72.) be at rest in a stream of 
fluid whose motion is in the direction AM. Suppose the 
disturbance produced by the anterior surface to commence 
at Mf and that by the posterior surface at N. Now con- 
sidering the line of particles which is in the path of any 
given particle, taking the plane of œy beneath it, and calling 
Pf «y V and p^9 z^y v the pressures, altitudes and vélocities 
corresponding to two given points in it; we hâve (Art. 132.) 

The sign + being taken according as the motion is in the 
direction in which the co-ordinates* are measured and the pres- 
sure estimated, or in the opposite direction. 

But at the * surface of the fluid ps=:p^ =. the unit of 
atmoapheric pressure ; 

1 

Now, taking M and P to be the points corresponding to x, v 
and ss^y v\ and using the négative sign^ we hâve, since v = 0, 

The négative value of (»-^«f^), shows x^ to be greater than «, or 
the point P to be above the surface of ihe rest of the fluid. 

Also, V ss w^gLPy the fluid is therefore raieed^ at the 
anterior surface of the plane, to the height due to the ve- 
locity of the stream. 

Again, at the posterior surface, let the altitudes and vé- 
locities corresponding to the points N and Q he x, v^ and 
jv^, v\ Taking the poritive ^ign^ smce the pressure is esti- 
laated, aad the co-ordinates measured from JNf towards Q, 
or in a direction opposite to the motion, and observing that 
i/ =s Q, we havé 
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LQ is therefore positive, and the point Q lies belew thé 
surface of the fluid at the depth LQ^ due to the «velocity 

at AT. ' . > . . . 

193. In addition to the pressure arising from the inertia 
of the fluid ; the plane sustains therefore a pressure produced 
by the weight of that which is in contact with the part of it PQ. 



Now PQ:=PL + LQ = ' 



2^ 



S\2 



.', pressure on PQ = ^^D PQ^ = — ^ '^ 

If « = T?^, the pressure = . On-the whole therefore thé 

MDv^ mDv* 
résistance = - — [ , calling m the width of the plane. 

If the velocily be considérable, the last term of this expression 
evîdently, becomes a principal élément of the whole. In this 
term therefore we find an adéquate cause for the difierence, in 
direct impact 9 between the received theory and '^périment, 
which différence is found only where the velocity is great. 

Ail that has been said above, may bé extended to the 
case in which the plane as well as the fluid is in motion, 
hy communicating to both the velocity of the former, in 
an' opposite direction. In this case the résistance 

MD{VTvy mD(VTvy 

-s , ^ _.__«.. ^ 

I 

194. The second cause of difièrence between theory and 
experiment, has référence to the case of oblique impact. 
It is in this case that the error of the theory is most remark- 
able,* We hâve supposed the reaction of a surface to take place 
only in the direction of its normal. There seems no suf« 
ficient ground for the application of this hypothesis to the 
caise of fluid résistance. It does not foUow that the particles 
of a solîd, however accurately they may be made to arrange 
themselves in the saiiîe plane (which is ail that would seen^ 
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to be implied in -sinoothiiess of surface) should on that 
account, be eflTective on the partides of a fluid broUght 
severally în contact with them, otherwise than though they 
were not so arranged, or even than though they were de- 
tached and assumed to themselves the form of another fluid. 



CHAR VL 

ON THB MOTION' OF ELASTIC FLUIDS. 

195> To détermine the motion of an elastic fluid into 
another of différent density — ^both fluids being supposed of 
infinité e:$tent. In ail cases of fluid motion, 

dp ^ D (dP T fd8), 

P representing the intégral y (-X^d^r + Ydy 4- Zdss). Now 
if ft be the height of an homogeneous atmosphère, p^^ghD; 

/. gh^^dP+fds (A). 

P 

Soth fluids being of infinité extent, their density can ex- 
périence no sensiUe variation from the Jinite increase or 
diminution of the quantity of either fluid. The différence 
of density which is the cause of motion wiU therefore remain 
unaltered, and thé motion itself ultimately become unifiurm, 
so that the différent particles of the Jluid wïll be impelled 
hy the same accelerating forces as they pass through the 
same points m space. Hence precisely as in the case of 
incompressible fluids it may be shown ihsLi J'fds^^v^ \ 

.\ gh\iA,p^ PT i V* + C. 

196. Let the impressed force be that of gravity, and 
call p and t> the common pressuré and velocity of the fluids 
at the aperturé. 

Therefore in the médium out of which the motion takes 
place. 



In the other médium, 

Suppose z to be measured from a horizontal plane, inter- 
secting the two fluids — p^ and p^ to be the units of pressure 
at given pointa in this plane — and the fluid in contact with 
it to bë at rest; 

/. fi-A h. 1. -^ = gx " i v% 
Pi 

.-. gh h. 1. ^ = t?«. 
Pi 

If D^ and D^ be the densities of the média at the plane 
from which z ia measured, 

Pl^^., ,.^Ah.l.§=.' (B). 

Let 5 be the density at the aperture; 

^gz-^gkh.l^; ,: ghh.l (1)(|)* = ^,, 

197- If the motion extend but to a short distance above 
the aperture, so that the plane œy may be so taken, that z 
maj be small when compared with A, 

5 = (D,Z>,)^ '. (C). 

Or the density at the common aperture of two elastic^fluidst 
is a mean propoitional between the densities of the fluids 
themselves. . 
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19Ô. We hâve suppoised no variation to take place in 
the densitîes of the média from the continuai variation in 
the quantities of fluid they contain. It is clear, that admitting 
such variation, the motion must no longer be considered 
uniform. If, however, the aperture be exceeding small, it 
may be shown as i^ the case of incompressible fluids, thàt 
the error resulting from this cause is inconsiderable and.may 
be neglected. We hâve therefore generally in the cases of 
small apertures, 

v^\/gh^, and 5 = ^^07^,. 

199. Let there be two vessels, containing air of an 
uniform density, and let them communicate by means of a 
common aperture k. 

Let Jfj and Jfg be their capacities D\ and D'^ the initial 
densities of the air, aiid D, and D^ the densities after the 
time t. 

Now the quantîty of air in the first vessel is diminished 
în the time t by kfhvdt ; 

/. M^D^ + kfUdt = M^D\', 



,-. t^ 






also since the same quantity of fluid is continually dividcd 
between the two vessels; 

Eliminating D^ between thèse équations we hâve an équation 

in t. and 2>,. 

i. *... ........ ^ 

200. In the above investigation we hâve taken inta 
account, that variation in the density of the fluid about the 
aperture which results from its motion. 
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In the theôry commonly adopted, this variation is neg- 
ïected together with the variation of pressure which arises 
from the motion of the fluid in the second vessel. 

If we adopt the former part of the common hypothesis, 
and întegrate the équation A^ considering D as the same 
for the différent values of /, we shall obtain, 

p = g/Ddz '+ l Dv\ 

» 

Therefore in the two vessels, 

and p =: ghD^ + ^ D^v% 
dnd at the aperture, 



r gh iP,-D,) - ^ (Z), + D,) «* = ; 

.'. «* = Zgh 






' If the fluid pass out of the first vessel into a vacuuni, 
ot into a médium very nearly approaching to it, the value 
of Z>2 may be neglected, and v^^2gh. The velocity is 
therefore that due to the height of an homogeneous atmosphère. 
We shall investigate no farther the results which may be 
deduced on this hypothesis. It is manifestly erroneoiis. 



201.' Suppose a vertical prism (Fig. 64.) containing air 
to be closed by a piston PQ moveable within it. When 
the piston is loaded with the weight Wy let it rest in the 
position BC. 

It is required to détermine the motion when a weight w 

is in this position added to W. Let AB=:a, BPssof, The 

elasticity of the air in ABCD being represented ty Wg\ 

Wffa 

that in APQJ) is represented by . The impressed 

a — w 

moving force on the piston. is therefore, 

Wga 
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( a — a?3 

Taking the intégral from to œ. 

In the above we hâve supposed a vacuum to exîst above 

the piston PQ, Let us now take ia the considération of 

atmospheric pressure. Let Wg represent the weight of the 

column of air incumbent on PQ. Adopting the same notation 

as before, the elasticitj of the air in ABCD is équivalent 

to the weight (W •{- W')g. The elastic force of that in APÇID 

. {W+W)ag ,, , ., 

is therefore . . Also the downward pressure on 

a — ^ *^ 

PQ is (W+ W + w) gi and the mass moved is (W+w) ; 

.-. (W+w)vdv = \(W+W'+w)g'- ^^"^^^"^ jdo?; 

( a — âf 3 

202. To détermine the accélération of a bullet in the 
barrel of a gun. 

Let JP (Fig. 65.) be any positicAi of the bullet, and JB 

tbfit in which its motion commenced. Let Wg represent the 

espansive force of the air in ABy Wg the atmospheric 

pressure, and wg the weight of the bullet, AB = a, AP s= ^. 

Then the elastic force of the air in AP is represented by 

Wag Wag ^^ 

—; the impressed moving force by — ngi and 

the mass moved by o) ; 

{Wag ^ > 

.'• cûvdv = < Wg}' dw; 

l es S 

(Wa^ , œ W\ J 
/. tj2 = 2^^ — s h. 1. (^ — a)>. 
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In the àbove we hâve taken no account of the variation 
in the elasticity of the âuid produced by the actual motion 
of its particles, and variable from one point in it to another. 
Where the expansion is rapid, as in explosion of a cannon, 
this is evidently a fertile source of error, and acoordingly 
the results we hâve deduced are found in this case but very 
imperfectly to agrée with experiment. 



CHAR VIL 

OH THE GENBBAL EQUATIONS OF THE MOTION OF FLUID8. 

203. The fluid mass, the motion of which we are about to 
consider, may be homogeneous or heterogeneous, incompressible 
or elastic : ail its points are solicited by given forces, such 
as their mutual attractions, and other attractions directed 
towards fixed or moveable centers: and the forces which 
act at any point whose co-ordinates are Wy y, Xj are reduced 
to three Jf, F, Z, parallel to the three axes Oa?, Oy, Ozy 
of co-ordinates. The quantities JT, F, Z, are simply functions 
of ar, y, Zj when the given forces do not change intensity 
during the motion, and are directed towards fixed centers; 
but when thèse forces are directed towards moveable centers, 
and when they proceed from the mutual attraction of the 
fiuid particles, the values of JT, F, Z, will involve the tîme 
in their expressions. In gênerai then JTy F, Z, will be func- 
tions of a?, y, Zy and t 

Let us also résolve into components parallel to the axes 
) Oy, Ozy the velocity which corresponds to the co-ordi- 
nates â?, y, J2r ; and let u^ v, t£7, be the respective components. 
Thèse will be unknown functions of w^ y^ z^ t; they will 
dépend on the co-ordinates â?, y, Zy because for the same value 
of /, the velocity varies from ohe particle to another in 
ii^agnitude and direction; they will dépend also on the time t, 
wcause for the same values of a?, y, Zy the velocity changes 
from one instant to another. If we wish to compare with 
one another, the velocities of the same particle, at two suc- 

2D 



1 
À 
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ceséive instants, #e inust âiippose the variable t to become 
t-^-dt^ and at the same time the co-ordînates œ, y y z àf thîs 
{^article, to become és+udt^ y + vât^ z + tvdi: for in virtue 
ôt the velocities w, t), «?, the àame particle which answered 
to the co-ordinates «r, y, ^, at the end of the time ^, will 
answer to the co-ordinates w + udty y + vdt^ % -hwdty at 
the end of the time t ■}- dt It follows then, that to hâve 
the variation of w, v, w, the component velocities of a certain 
particle, we must differentiate with respect to t^ and with 
respect to a?, y, a?, taking udt, vdt, wdty for the incréments 
of thèse latter variables^ In this manner we shall hâve, 

du ^ du ,. du ,. du , ' 
du ^ --- dt '\' -7- udt + -7- vdt + — * wdty 
dt dœ dy d% 

dv ^ dv ^ dt) , d« ,, 
dv = —- dt + --- udt + —-vdt + -r-wdt, 
dt dœ dy dss 

. dw ,^ dw _^ , dw _^ dw 

dw = — dt + -r- udt + ■^- ^«^ + -7- ^^^• 
d^ a^ dy a% 

Let us divide the fluid mass into rectangular parallelo- 
pipeds, infinitely small, the sides of which are parallel to 
Oœ^ Oy, 0%. The volume of the élément which answers 
to the co-ordinates a?, y, Zj will hâve for expression the product 
dwdydz. We may regard the density constant throughbut 
the extent of this volume, and designating it by p, the mas^ 
of the élément will be pdœdydz. Let us also represent 
by p, the pressure referred to the unit of surface, which the 
surrounding fluid exercises on the différent faces of this 
parallelopipedj and which is the same on ail the faces, ac- 
oording to the fundamental property of fluids. The two 
quantities p and p are^ as well as the velocities u^ t?, w^ 
vinknown functions of a?, y, z and /. Thfe five iqfuantities 
w, «, Wy p and p, are the unknown quantities ôf the p^ôbleiti 
which occupieis us : when they sfaaU be detenhinéd in functions 
crf Wy yy.Zy Biid /, thc state of the fltrid mass will be knbwii 
at each instant, bécause we shall. then kno^ the velocity, 
its direction, the density bf the fluid, and the prëssufé it 
exerts, at whâtever point we choose to fix upon, whèther 



' 
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ai the surface or in the înterior of the mass. Let us sedL 
then the équations on nvhich the values of thèse five quan- 
tities dépend. 

204. Three of thèse équations are immediately fumished 
by D'Alembert^s principle. The velocities lost during the 
instant dt hy the particle submitted to the action of the forces 
X,YyZy are Xdt — du^ Ydt - dv, Zdt — dw\ for du^ dv, 
dw, express the incréments of velocity which really take 
place during this instant, and Xdt^ Ydt^ Zdt, are those 
which would be produced by the forces Xj F, Z,- if the 
particle were free. Dividing thèse velocities by dt, in order 
to hâve the measure of the accelerative forces capable of 
producing them; designating thèse forces by X^y.Y\ Z'; and 
putting for duy dv, dw, their values above ; we find, 

du du du du ,,, 

dt dœ dy dz 

du dv dv dv v 

dt dw dy dx 

_ dw dw dw dw _, 

Z ; -— « —V ~ U? es Z . 

dt dœ dy dz 

But, according to D'Alembert's principle, equilibrium 
will hâve place in the fluid mass, if aU the particles be so- 
lieited by forces capable of impressing on them the velocities 
lost or gained at each instant: the gênerai équation of the 
«quilibrium of fluids found în Art. 94, ought then to be 
satisfiéd, when we take X'^ F', Z' for the accelerative forces 
parallel to the axes of co-ordinates. Thus 

{dp) = p {X'dœ + rdy+ Hdzy 

dp dp dp 
And if -f- , —^ , --- , be the partial differential coefficients 
dœ dy dz 

rfp with respect to ^, y, «, respectively, 

5^-^^' Ty^^^' li^P^' 
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Hence, putting for X\ Y^ Z'y their values, and dividing by fh 

1 do __ du du du du 

-.-£: — jr -r-«* 7-v — T'U) 

p dw dt dœ dy dz 

1 dp dv dv dv dv 

p' dy dt dœ dy dx ' ^ ^* 

\ dp _ dw dw dw dw 

^.-£1 = Z^-j- --r-^ •"T"*' "" T"^ 
p dz dt dœ dy dx 

205. Eacfa of the éléments into which the fluid mass 
was supposed to be divided, will change form during the' 
instant dt^ and it will also change volume if the fluid be 
compressible: but as its mass ought always to remain the 
same, it foUows that if we seëk what its volume and its density 
become at the end of the time t + dt, their product ought 
to be the same as at the end of the time t. Making then 
equal to zéro the variation of this product, there will resuit 
a new équation of the motion. 

To form this équation, let us consider the rectangular 
parallelopiped, of which the volume was expressed by 
dœdydxy at the end of the t^ and let us see the shape that 
this portion of the fluid will take at the end of the time 
t + dt. There will, of course, be eight solid angles of the 
parallelopiped, and as many angular summits. I call that 
summit m, which is nearest 0, the origin of co-ordinates, and 
consider its co-ordinates to be exacdy a?, y, x. Let that 
summit, which lies from m in the direction of x^ be called n. 
At the end of the instant dt^ the co-ordinates of m become, 

œ + udty y 4- t|d^, x -f wdt: 
at the end of the same instant the cfo-ordinates of n become, 

œ + ildt^ y + x!dt^ x '\' dx '\' w'dt% 
n'y v'y w\ being the values of w, t?, w, at the summit n. But 

, du ^ , dv ^ , dw , 

u ^=- u + -=— dxy « = t> + --— dxy w zsiW •\- -r- dx^ 
dx dx dx 
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I 

because the altération of u^ Vy w^ from m to n is, at a givetl 
instant, relative only to «. Hence the co-ôrdinates of n at 
the end of dt become 

du dv 

w + udt + --- dzdt^ y + ^d/ + —- dstsdt^ 
dz dz 

dw 

dz 

and the distance between m and n at the same time, is, 

Extracting the square root, and neglecting the infinitely small 
terms of the third order, we hâve for this distance 

dz-\'-'^dzdt. 
, dz 

Now let us consider the two summits whîch lie in the 

same diagonal plane of the parallelopiped as m and n^ and 

. let us call them m and n\ m! being that which is nearest 

the plane wOy. The parallelopiped being in its original 

position, the co-ordinates of m! are x + dœ^ y + dy, z ; those 

of n',' w + dwy y -|- dy, z H- dz. Hence, to obtain the distance 

between m and n' at the end of dt, œ-\-dœ and y + dy, 

must be substituted for œ and y in the preceding value of 

dw 
the distance between m and n. By this substitution —— 

dw d^w d^w 

becomes -; — h -; — r- dœ + ~- — -- dy. Hence the distance 
dz dzdœ dzdy 

sought is, 

dw j d^w d^w 

dz + ——dzdt + - — — dœdzdt + - — ;- dydzdt. 
dz dzdœ dzdy 

Neglecting then the two last terms, which are of the third 
order, the distance at the end of dt, between m and n\ 
is the same as that between m and n. Thus the two sides 
Connecting vn^ w, and m\ w-', which were equal at the com* 
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mencement of the incrément of time dt^ continue to be equal 
at the end of that instant, excepting so far as regards 
infinitely small quantities of an order which may be neglected. 
By similar reasoning it would be found that the two sides 
parallel and equal to thèse, continue to be equal to them 
during the same incrément of time. In like manner it may 
be shewn, that in each of the other two sets of parallel 
sides, the equality of the sîdes is preserved during a very 
smaU motion. The value of each side in one of thèse sets 
at the end of df, is found by changing x into y and w into v, 
in the value of the distance between the summits m, n, just 
obtained; so that we shall hâve 

dv _ _ 
dy-^y- dydt : 
dy 

the value of each side in the other is similarly found by 
changing x into œ and w into t«; we shall hâve 

du 

dœ + -r- dadt> 

dx 

We obtain the volume of the élément by multiplying 
the face, which was originally parallel to the plane œOy^ and 
which passes through m, by the altitude of the summit n above 
this face. The area of the face is the product of the two 
sides meeting in the sununit niy multiplied by the sine of 
the angle contained between them ; the altitude of the summit 
is equal to the side which joins m and n multiplied by the 
sine of the angle it makes with the plane of the face. Hence 
the volume of the parallelopiped will be thè product of the 
three sides which meet in m, multiplied by the product of 
the sines of the two angles just mentioned. But as thèse 
angles were right angles in the original parallelopiped, neither 
of them can di£Per from 90® but by a quantity indefinitely 
small: their sines will consequently differ from unity by 
quantities indefinitely small of the second order, which may 
be neglected. The volume sought will therefore be, 

(du \ / dv \ / dw \ 

dœ+ —dœdtj (dyi'—dydtj Idx + '—'dzdth 
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Performing the multiplication and negleoting tertns of thé 
fifth order, there will arise 



dwdpdzi 1+-7- dt + rr'dt+ T^dt); 
\ d« dv dz / 



which is the volume at the end of the time ^ + d/, of thé 
élément which was dœdydz at the end of t. As ^d îs à 
function of a?, y, z^ and ty it foUows that when t becomes 
t'\-dty and at the same time œ^ y^ z^ are changed into 
4?-fwd/, y + vdt^ z + wdty the density becomes, 

p -{"-^dt+'^udt -f -7^ vdt + -^ M^d^ 
•^ di dœ dy dz 

As the mass of the same élément remains constant, if this 
deûsity be multiplied by the corresponding volume, and the 
product be diminished by pdœdydz^ the remainder ought to 
be equal to zéro. If in performing the opération, terms 
involving df be neglected, and the factors dxdydz and dt 
comûion to ail the terms be removed, we shall find, 

do dp dp dp du du du 

dt dx dy dz ' dœ ' dy ' dz 

When the fluid is incompressible, and either homogeneous 
or heterogeneous, the variation of the density as well as the 
mass of the same élément is nothing : so that, 

dp dp dp dp 

'ji + ~u-h-y-v + -fw:=^0 

at dx dy. dz . 

du ' du du 

1 H =0 

dx dy dz 

When the fluid is elastîc p is a function of p. In both 
cases, then, we hâve two équations, which joined to the 
three équations (a) serve to détermine p, p, ^^, v, w, in 
terms of x, y, z and t 

206. When the fluid is homogeneous and incompres- 
Bible, the first of équations (e) becomes identical; and we 
bave simply the second équation and the three équations (a) 
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to détermine p^ ti, i), w. To this case let us now proceed 
to direct our attention more particularly. And first, it is 
to be observed that the differential équations of the motion 
will be found to be susceptible of great simplification when- 
ever udâp-i'Vdy + fvdz is a complète differential of a func- 
tion of w, f/y X. We shall assume this to be the case at 
présent, and afterwards consider to what circumstance of the 
motion this analytical fact has référence. 

Let udaf'^vdy'\'wdz = d0, ip being a function of w, y, », 
which may besides contain i^ but which is not differentiated 
with respect to this variable. Then, 

dd> d(b d(h 

aœ dy d% 



Hence the second of équations (c) becomes 

d^d> d^à) d^d> 

— i-H 2: _j jr. — 

dw"^ dy^ d%^ 



(d). 



du ' dv dw 

Again, as udx-\-iDdy-\-wdz:::zdé)y -j—dœ-i dy-\ dz 

dt dt dt 

is, equal to 

d'0 ' d^d> , d^é , 

dœdt dydt dzdt 

which is 

d.^ d.^ dM 

dt dt ^ dt , , dd> 

— — c«a7 + -— — dy-^—- — dzy or d.-^y 
dœ dy ^ dz dt 

the differentiation of ^-Jl being with respect to a?, y, ar, 

whilst t is constant. Thus, 

du ^ dv ^ dw , , d(h 
dt dt ^ dt dt 

du ^ d'O ^ dw , , dd> 

so -—dx + ^-dy^y-dz^^d. -~ 

dw dûD . dw dw 
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du ^ dv ^ dw ^ , d(h 
'r'dy + -^dy + -—dxssd, ^ 
dy dy dy dy 

du ^ dv ^ dw , , dfh 
-r- o» + --- a» -f T dz:=d.-f- 
dz dz dz ' dz 

Hence, if we add équations (a), after having multiplied the 
first by dœ, the second by dy, the third by dzy - we shall hâve, 

• . (to s= Xda + Ydy + Zdz — d X-^ ^ud. -^ — v.d.-^ — t{;.d.-^; 
p dt dœ dy dz 

and putting -^, -Jl -j-, in the place of w, tj, w, this 
*^ ao? oy oi» 

équation may be thus written; 

The differentials of p, ^, and ^^ + -^ + ^i^, which 

dt dw dy^ dz 

are indicated in this equation,^ ought to be taken with respect 

to Xy y, Zy without making t vary. 

It is permitted to suppose the formula Xdœ + Ydy + Zdz 
a complète di£Perential with respect to œ, y, Zy of a function 
of thèse variables and of /, since it is so in the case of 
attractive forces directed to fixed or moveable centers; and 
thèse comprehend ail the forces in nature which can act upon 
the particles of the fluid mass. Let therefore 

Xdœ+Ydy-tZdz^dV. 

We sh^ll hâve by integrating ail the terms of the équation 
àbove, 

P^ dt *V3Z^d^^dW- ^^* 

As the intégration is relative to x^ y, z^ an arbitrary function 
of t ahould be added : but this may be supposedto be included ' 
d^- 



in 
dt 



tE 



.♦ 
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207. An exact intégral of — ^ + -f^ + -r^ = 0, may 

° dœ^ dy^ dsr 

be obtained by supposing to be a function of a^ •\- f^ •\- s? 
and /. 

Let a7^rhy^ + ^ = ^> so that becomes a function of 
r .and #. Then 

d(f> _ d0 dr __d(f) œ d^<f> _ d*0 ^ d0 /l ^\ 
da? dr ' dœ" dr ' r' da^ dr^ r^ dr \r r'/ 

Hence 

d*0 d^^ d^^ __ d^0 a7^ + y' + ^g d^ /S ^ a?* + y^ + g* \ 



_d«0 2d0_d'.r0_ 
dr* dr rdr^ 



Integrating, -^ =/(^); r0 =f(t)r + /^(O; 

This is the proper intégral of the équation {d)\ for the 
supposition that .0 is a function of r and t^ is an artifice for 
effecting the intégration, the legitimacy ,of which is proved 
by the value of (p^ thereby obtained. As this intégral has 
been found whilst the origin of co-ordinates is arbitrary, and 
independently of any supposition about the manner of dis- 
turbing the fluid, it must receive a gênerai interprétation, 
and be understood as relating to the mode of action of 4^e 
parts of the fluid on each other. The velocity 



w 



d^ d^ d^^ _ d0 _ -F{t) 
da^ dif dsi? "^ dr ^ r^ 



By this resuit we are taught that the motions of the par- 
ticles in every very small portion of the fluid :are directêd 
to or from a point, and their velocities vary inversely as 
the squares of the distances from this point. 
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This law of the action of the parts of the fluid on each 
other, may be verified by conceiving a spherical mass of the 
fluid to be inclosed in an expansible envelope, and a small 
solid sphère to be placed at the center of the mass con- 
centric -with it. By the insertion of the solid bail the fluid 
partiales will be made to move from their original places 
through spaces, which vary inversely as the square of the 
distances from the center. 

It is to be observed, that the above law of the motion 
has been arrived at by supposing, that udœ + vdy^-wdss 
is a complète differential of a function of <r, y^ %\ and 
such will be the case when the motion is directed to or 
from fixed or moveable ccnters, for the same reason that 
Xdœ-^Ydy-\-Zdx is a complète differential of a function 
of a?, y, », when the forces are d^îrected to fixed or move- 
able centers. The motion resulting from the action of the 
parts of the fluid on each other, is found to be of this very 
kind; hence the legitimacy of the supposition is established. 
The équations (d) and (c) are however inapplicable, when 
the particles do not change their relative positions by their 
mutual action ; that is, when the fluid mass moves as a solid 
would. In this case has no longer existence, and the 
pressure is determined by 

- ^f{Xdw + Ydy + Zd%) + C, 

JT, Yy Zi including the forces resulting from rotation. 

208. In order farther to illustrate the nature of the 
intégral - obtained above, I will consider thé case in which 
the motion is in- space of two dimensions. 

Let the plane of motion be that of <ry. Then we 
shall hâve simply 

^ + ^^ = 0. 
du^ dif, 

Assuming, as before, that y is a function of t and «r^-f y* 
or r^, 
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d<p d<p dr d(b «r 
dœ dr dœ dr r^ 

da;^ ~ d?" ? ■•■ dr ■ Vr ~ ?)' 

„ d'd> d'à, d'à, dà, 

Hence — ^ + -^ = —X + ^ = o, 
oa? dy* dr rdr 

^ dr dd> rd^d) ^, dr 

But — = -^ + —TT-. Hence ; — = 0. 

dr dr d'r rdr 

Integrating, '1^ = /(<), ^ =/(<) log r + F(0. 

fi fh 'f(-f\ 

It thùs' appears, that the Telocity •-—- îs ^ — - , Thè 

meaning of this resuit may be illustrated as before, by con- 
ceiving fluid to be contained in a cylinder capable of ex- 
pandon in the direction of t)ie radii, and a very slender 
cylipder of solid matter to be placed with its axis coincident 
wîth the other. The fluid partîcles, by the insertion of the 
Kolid cyliiider, will be moved from their original positions 
through spaces which vary inversely as the distances from 
the axis. 

As the intégral of --^ = --^ is also (see Lacroiœy 

dw dy 

Art. 319.) 

it is important to shew, that when the origin and direction 
of co-ordinates are indeterminate, this amounts to the one 
already found. 

^:=F\a,-^~l y) +fim + J^\ y) 

df = - \/^ P' (* - n/~i 9) + n/^i/C^ + n/^1 y) 
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Hence -^ and ~ cannot both be possible, unless J^A' 
dw dy 

and jB = J5'; that îs, unless F' and f be the same functions. 
As the direction of axes is arbitrary, let y = 0; then 

g = 2F», and g =0. 

This proves that the ve^ocity is directed to or from the 
origin of co-ordinates, and is equal to twice a function of 
the distance of the same form as F\ Hence, 

Let a? + yi^ — l=m, a? — y^ — l=n; so that 
2y = (n — w)^ — 1 and r* = 



Then, F'(m)--F'(n)^%^F\J^) 



fnn. 
mn 

m n ^ 

As this équation is identical, F' (m) is the same as 



V- X F'(J^). 



Hence F'(\/mn) must = . : and the velocity 

t^ mn 

= 2/"(r)=— , 

C being an arbitrary function of the time. This is the 
same resuit as was obtained before in a di£Perent manner. 

209. The intégral in Art. 207, which is gênerai in regard 
to the peculiar character of the motion of the fluid, having 
been thus obtained, we may proceed to apply it to particular 
cases. For this purpose, an origin of co-ordinates and di^ 
rection of the axes must be fixed'upon. 
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Let aj )3, .7 be the co-ordinates of the point, from which 
or towards which the motion at the point whose co-ordinates 
are a?, y, z tends. Then 

The équation -— V + -Te + -7-^ = ^9 wiU be satisfied by 

dar dy d%^ 

this value of 0, for a, ^, 7 are in gênerai functions of 

Wy y, x^ and the time, but may be considered constant for . 

an instant, while a?, y, % vary a little, for the same reason 

that the center of curvature of a curve is a constant point, 

whîlst the co-ordinates vary a little. The chief difficulty in 

the complète solution of a proposed problem, is the ascer- 

taining from the data the values of a, ^, 7. But some 

circumstances of the motion may be arrived at without the 

knowledge of thèse functions, as I ^n\ about to shew in the 

following instance. 

If any part of the motion be known to be rectilinear, 
we may consider this part by itself, whatever be the rest 
of the motion ; for the arbitrary functions which occur in the 
intégral, teach us that there is no neçessary connexion between 
the motion at one point and the motion at anothér, excepting 
such as we choose to impose. Suppose fluid to issue from 
a small circular orifice at the bottom of a vessel, the form 
of which is generated by the révolution of any irregular Une 
about an axis. The axis is supposed to pass through the 
center of the orifice. It is plain that along the axis the 
motion will be rectilinear, as there is no reason why there 
should be déviation in one direction rather than another. Let 

this Une be the axis of œ. Then t? = 0, w = 0, ar = 0, y = 0, 
/3 = 0, 7 = 0; 

^=/(^) + — ^, and V^gœ, 

For simplicity, I wiU take the case in which the fluid is 
retained at a constant élévation, and the motion has attained 
its ultimate state, so that the velocity is the same of aU particles 
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passing through the samé point. Then because the velocity 
= ~- = — 7 — ^^ , in the case supposed both F (t) and 

a are independent of t, and — ^ = /' {t). The équation («) 
consequently becomes, supposing p = 1, 

Also it is permitted to consider independently of the rest 
of the motion, that which takes place along any irregular line, 
always drawn in the direction of the motion of the particles 
through which it passes. In this instance, when the fiuid 
has arrived at its ultimate state of motion, F {t), a, )3, y, are 

ail independent of t. Hence as before -— =/' (t), and if 

q = the velocity, 



p=g^-j-f'(.t)- 



Thîs agrées with Chap. II. Art. 137. 

210. With respect to compressible fluids, the équations 
in the gênerai case are of too complicated a nature to be treated 
of hère. Happily however, the most interesting case, that in 
which the motions are small, and no extraneous force acts, 
présents the fewest mathematical difBculties. In this case we 
may omit in the équation (Art. 205.) the terms involving 

u. Vj «;, as factors, because -/- , -r- , -— , must also be small. 

dœ dy dz 

dp du dv dw 
Hence -^ + — + —+—- = 0; 
pdt dœ dy d% 

or supposing d0 ^ udœ + vdy + wd«^ 
dt ^ dx* df^ ^ dx* 
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Let p = a^p. Then /*— = ^f— - 

Hence équation (d) becomes, neglecting the square of the 
velocity, 

^ p dt 

a d . h. 1. p d*0 

Hère again^ as in the équation for incompressible fiuids, an 
exact intégral may be obtained by supposing to be a func- 
tion of r and t ; and the intégral, as before, has référence to 
the circumstance that the motion of every very small portion 
of the fluid is directed to or from a fixed or moveable center. 
Wc shall arrive at the equatiton 

the intégral of which is, 

r<f> = F{r^at) +/(^ + «0> (LacroWf Art. 319.) 

The function F applies to a motion of propagation from the 
center, the function / to a motion of propagation towards the 
center, as will be understood from the discussion of the analo- 
gous équations for motion in space of one dimension, which 
is given in the Appendix. . ? 
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CHAR VIII. 



HYDROSTATICAL INSTRUMENTS. 

BRAMAH'S HYDROSTATIC PRESS. 

211. L and H (Fig. 35.) are yertical cylindrical cavities 
in a solid mass EF of métal or other strong material. The 
diameter of H is considerably less than that of £, ând they 
communicate through a pipe MN. LA is a strong piston or 
solid cylinder of iron fitting closely to the surface of the cylinder 
Z., moveable in it, and terminating in an extended surface 
at B^ where the pressure of the instrument is applied. CH is 
a piston similarly applied to the other cavity Hj and moveable 
by means of a lever DO, whose fulcrum is at O. At H is 
a valve .closing downwards, and beyond it the cylinder is 
continued to a réservoir 6. The channel MN contains a valve 
closing in the diifection MN^ The lever DO being raised, 
the valve ^ opens, and water is made to ascend, as in the 
common pump, from the réservoir G into the cavity H. The 
lever being then pressed down, the valve closes, and the water 
is forced through the channel NM beneath the piston L. The 
whole of the fluid having been expelled from H, the piston 
is drawn up, and the opération repeated. 

The. pressure thus produced on the bottom of the piston 
at L, and effective at B, is to the force impressed at Hj as 
the section of the piston HC to that of the piston LA. 

212. Let R and r be the radii of the pistons LA and 
H(7, L the length of the lever 0J5, / the distance of the 
piston rod from 0, and P the power applied at D; 

2F 



2^ 

Therefore the pressure produced hy P ai H = — P, 

V 

pressure at j? = -g- . (pressure at H) ; 

T 

therefore pressure at j? = — -r- . P. 

This press appears to présent the simplest and most effective * 
of ail mechanical contrivahces for increasing human power. 

The limit to its practical application is found in the 
extrême slowness of the ascent of the piston B^ when the 
ratio of the radii of the cylinders is considérable. 



THE HYDEOMETER. 

213.* The Hydrometer is used for determining the spécifie 
gravities of fluids. In its simplest form it consists of a hoUow 
sphère C, (Fig. 57.) one of whose diameters is prolonged in 
the stem BJ, and to the other extremity of this diameter 
there is attached a second sphère D, so loaded with shot or 
quicksilver as to keep the instrument in a vertical position, 
and aUow of its floating in the fluids to be examined. 

Now if the instrument be made to fioat in distilled water 
it will sink to a; point A^ such that the fluid it displaces 
may be equal to its weight. Let the distance AB be divided 
into any number of equal parts, and the divisions marked 
on the stem and continued upwards'from A. Now suppose 
the instrument to iloat in a fluid, in which it sinks to the 
point P in the stem, distant œ divisions from B^ Calling 
M the mass of the balls A and jB, k the volume intercepted 
between each two divisions of the stem, D the density of water, 
ly that of the fluid, 8 its spécifie gravity, and a the nvunber 



* If the cylinder H be ^"of an lnch> and L a yard in diameter, 
a force of 41472 totis may be produced àt £ by a pressure of two 
tons vX H, 
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of divisions in the portion of the stem AB ; the weight of the 
mass of fluid displaced, when the instrument is immersed in 
water will be represented by {ak'\-M)Dg, and when it is 
immersed in the other fluid, by (œk + M) D^g. Now each of 
thèse quantities is equal to the weight of the instrument ; 



.-. (»k + M) 


Lf =:{ak'\-M)D; 




ak + M 
xk+M 

« 


M 
M 



214. The most convenient method of adjusting and 
diyiding the instrument is, commencing the division from any 
point in the stem, which circumstances may point out as most 
convenient, to continue it upwards at equal ii^tervids, and then 

M 

to détermine the constants a and — , by immersing the instru- 
ment successively in two différent fluids, whose spécifie gravities 
/ and s" are known. If a/ and œ" be observed values of a 
measured from the point where the division commences", and 
M the whole mass of the instrument below that point, we hâve 

M M 

a + — a + — 

/ ^ ff ^ 

M' M 

k k 

From which équations a and — may be determined, and the 

ic 

spécifie gravity corresponding to each division (œ) marked on 

the stem. 

M 

k 

215. Resuming the équation s = ^, we obtain 

M 

M 

o + — - 

M k 

« + _ = . 

k 9 
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Differentiating with regard to a; and s, 

M 

" + "& 
dtV = — . — ds, 

S" 

Whence it appears that for any given small variation ds in 
the spécifie gravity of the fluid in which the instrument is 
immersed, the corresponding variation in the depth of im- 

M 

inersion varies as — , which quantity may be considered a 

Mesure ôf the susceptihiUty of the instrument. It increases 
as the Weight of the whole and the length of the portion of the 
stem beîow the first point of division increase, and as the spécifie 
gtAVity of thé fluid and the radius <X the stem diminish. 

216; The Areometer of Mr. de Parcieux is in fact an 
Hydrometer of an extraordinary susceptibility produced by 
the extteme elenderness of its stem. The fluid whose spécifie 
gravity is to be determined by this instrument is placed in 
a cylindrical glass vessel, along its side dr scale 6f equal parts 
is graduated, and thé depth of the immersion is found by 
observing the division of this scale opposite to the extremity 
of the stem*. 

217. The principal obstacle to the use of the simple 
Hydrometer, is the inconvenience and difliculty of caleulating 
and marking against the diflîerent divisions of the stem of each 
instrument, a différent scale of spécifie gravity, and constructing 
the stem of that perfectly unifôrm thickness, which is necessary 
to the aceuracy of the observations. 

218. To obviate thèse difiiculties Fahrenheit conceived 
the idéa of sinking the Hydrometer always to the santé depth 



♦ Such is the extrême delieacy of this instrument that the varia- 
tion of density produced by the falling of the Sun's rays on water 
of the common température^ wil) instantly cause it to sink some 
inches in the fluid. 
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by means of a weight to be placed in a cup at the end of 
the stem. 

Calling W the weight of this instrument a/ and a; the 
weights respectively necessary to sink it to the aame given 
depth in water, and in the fluid whose spécifie gravity (a) 
is required to be determined, M the constant bulk of the 
portion iinmersed, and D' and D the densities of water and 
the fluid, we hâve 

gDM = FT + tti, 

_ D W '\' w 

219. Diflferentiating, we get 

dw = (FT+w) de = gl/Mds. 

Hence it appears that for a given small variation ds of the 
spécifie gravity of the fluid, the variation of the weight w is 
as Jtf, that is, that the susceptibility of the instrument is 
directly as the bulk of the part of it immersed^ . 

220. Mr. Nicholsùïi has invented a form of the Hy- 
drometer in which it may be applied to measure the spécifie 
gravides of solide as well as fluid bodies. 

Two métal cups B and C, (Fig. 58.) are attached to 
a bail Ay the lower C being of suffîcient weight to keep the 
instrument in a vertical position. When the Hydrometer 
floats in water let w be the weight which must be placefd in 
the upper cup B to sink it to a given point D. This 
weight being replaced by the body whose spécifie gravity is 
required to be determined, let w ]be the weight which must 
be added in order again to sink the instrument to D. 
The body and weight w being now taken out of the upper 
cup, and the body placed in the lower, let a»" be the weight 
in jB requisite a third time to sink the instrument to D. 

Call W the weight of the instrument, W that of the 
fluid it displaces when immersed to X), M the volume, D the 
density of the body, and D' the density of wàter. 
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Then since, in the two first cases the weighis ddded to 
the instrument together with the weight of the instrument 
are respectively equal to the weight of the fluid displaced 
by the instrument, and in the third case, to the weight of 
the fluid displaced by the body and instrument, it follows 
that 

MDg + eu' + W^ = fT, 
MDg + w" + ÎF = ÏT' + Ml/g. 

Subtracting the first équation from the second, and the second 
from the third, we hâve 

MDg =s 0) — w, 

hSïàMD'g^ œ'-wi 

D (0 — 0)' 



THE HYDEOSTATIC BALANCE. 

221. The Hydrostatic balance is a contrivance for de*» 
termining the spécifie gravities of solid bodies by observing 
the weights lost by their immersion in fluids of known spécifie 
gravity. In its simplest form it may be described as a common 
balance in one of the scales of which the body is first weighed, 
and then, being suspended by a slender thread beneath it, 
again weighed when plunged in the given fluid. If w and w' 
be the weights necessary to produce equilibrium in the two 
cases, ù)^w' is the weight lost in the immersion, and is there- 
fore equal to that of the fluid displaced. 

CaUing therefore M the mass of the body, D its densîty, 
«od ly that of the fluid, 

gMD = o), 
^ r. gMiy = 0) T- w; 
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D 



<0 



• ^m ^^ ^.^ _^^.^__, • 



where o- is the ratio of the spécifie gravides of the solid and 
fluid. If the fluid in which the immersion takes place be 
water, 



Cil 

8 as 



W — W 



222. The équation gMD = Wy is only true on the hy- 
pothesis that the weight a> is determined in vactw, or that, 
the body being of considérable density, its weight is ex- 
ceedingly great as compared with that of an equal bulk of 
the air in which it is weighed., 

To solve the problem with accuracy, allowance must be 
made for the buoyancy of the atmosphère. Let D" be its 
density, w the triTe weight of the body in vcumo^ a/ in 
water, and w' in air; 

.*. gDM=a}9 

giyM^sw — (Of 

giy'M^ww'; 

.-. gM(D^iy)=:a>; ^Jlf (2)"-Z)') = û>'-<o"; 



Calling, therefore, s the spécifie gravity of the body, and 
8 that of air, 

«— 1 a> m 8 — a; 



.'. 8 = 



8 — 1 0) — 0) 0) — (0 

A correction, similar to the above, must be applied t0 
ail the cases in which the weight of the body is not deter- 
mined in vactu). Sinee the spécifie gravity of the atmosphère 
is variable, it is manifestly more aceurate to weigh the body 
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in any other médium of known and permanent spécifie 
gravity. The same formula is applicable mutatis mutandis. 

THE HYDROSTATIC BELLOWS. 

223. This instrument présents an illustration of what 
is termed the Hydrostatical paradox. It consists of two 
circular boards, A and jB, (Fig* 59.) firmly bound together 
by a cylindrical coating of leather or other pliable substance. 
MN is a tube communicating with the lower portion of this 
cylinder. 

Water being poured into the tube Jlf JV, the boards A 
and B will separate. B will rise, and a weight fF, which 
is exceedingly great as compared with that of the fluid in JfiV, 
may thus be supported at B, The fluid in MN, which is 
thus eflfective in supporting the weight W^ is manifestly that PN, 
which is above the level of B, Calling k the section of the 
tube MN9 and K the area of the board B, we hâve 

pressure on P k 

Let M be the volume of the weight W^ D its density, 
and ly that of water; 



giy.PN.k ^ 
' gD.M "K" 

where s is the spécifie gravity of the weight W, 

224. If M* be the whole volume of fluid contained in 
the instrument, 

JS(^+A)+-— = ir; 

K. 

,„ M'K-M»k 

.•. AB := . 

K{K+k) 
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If the quantity of fluid M* contained in the vessel be in- 
creased by f», the corresponding ascent B> of the weight W 
will be represented by 

K (M' + m)-M8k KM' - Msk m 

jr(irH-*) ■" E(K^k) ' ""^ ^ K^k 

cecil's lamp. 

225. The oil is in this lamp kept continually at the 
same height^ and thus supplied in the same quantity to the 
burner. 

ABD and ACD (Fig. 6l.) are two hémisphères, of which 
ACD is soljd and moveable in ADB^ which is holiow, and 
bas its interior diameter the same with the extemal diameter 
of the other. The oil is placed in the unoccupied portion 
MNB of the hémisphère ADB, and as it consumes, its surface 
is kept continually at the same height by the révolution of 

CAD. 

• 

Let P be the center of pressure and Q the center of 
gravity of the plane MND^ and G the center of gravity of 
CAD. And let OD = a, <BOD=:^Q\ therefore (Art. 42. 
Ex. â.) 

0P=--;7ra, OQ-" -; 

16 3 TT 

therefore pressure on MND 

4a.. xa* _ 2 



^QL.MND.Dg = - - sinô.— -.Z)^=-^aM>^sine; 

3 *jr * 3 

therefore mom"". of pressure upon MND 

3 2 ' i 

= 77 -Tra - a^Dff sin 6 = - à^Dg sin 0. 
16 3 ® 8 ® 

3 
Also OG = - a ; therefore mom°*. of weight of CAD 

8 ^ 



= CAD . OKgD^ = -ira' . - a sin gff = - a^D^g sin Q ; 

^38 '^ 4 

therefore there will be an equilibrium if 

26 
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- a^Dg sin ô = - a^D'g sin ô; or if l^ = - D. 

8 ^ 4 ** 2 

And this expression being independent of 0^ it appears that, 
if the spécifie gravity of the solid hémisphère be half that 
of the fluid, the equilibrium w^ll obtain in every ' position of 
the former. 

THE DIVING BELL. 

226. The Diving Bell is commonly a hoUow cylinder 
or parallelopiped, one end of which is closed. It is immersed 
with the open end downwards, weights, if necessary, being 
added to sink it and keep it steady in its descent. As the 
vessel descends, the 'fluid continually exercises a greater pres- 
sure on the contained air, condenses it, and occupies a greater 
portion of the vessel.* The bell being copstructed of such 
dimensions in référence to the depth to which it is to be sunk, 
that a sufBcient portion may remain unoccupied by the fluid ; 
a platform is erected in this portion, on which those who 
descend take their station. 

227. Let w be the height of that portion of the bell 
which is free from water when the top is sunk to the depth H, 
Now, if h be the height of an homogéneous atmosphère, a the 
height of the bell, D the density of the extemal ait, D^ that 
of the air in the bell, and X)' that of water, 

g{hp+(H + a!)iy] 

will represent the pressure on an unit of the surface of the 
air contained in the bell. Also the unit of pressure arising 
from the elasticity of the internai air is ghD^\ 

.-. g{hD-^{H^œ)D'\^ghD, 

* The method now commonly adopted is to form a communica- 
tion between the bell and the surface^ by means of a leathem pipe 
through which the air is continually forced by a condensing pump^ 
and Ûie surplus escaping under the edges of the bell ascends through 
the water. The air is thus continually changed and made fit for 
respiration^ and the bell is kept entirely free from water. 
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But the quantUy of air in the bell being the same as before 
immersion, and the section of it the same throughout, 

Or calling 8 the spécifie gravity of air, 

iT* H- (^ -j- A«) <r == A«a ; 

HERO'S FOUNTAIN. 

228. ABCD (Fig. 62.) is an air-tight vessel connected 
with another vessel MKN and sustained above it, by tubes 
DM and JVC, of which, DM reaches nearly to the bottom of 
NK and passing through AC communicates with an open 
réservoir above it, and NC proceeding from the top of KN 
reaches nearly to , the top of AC, G F is a tube proceeding 
from a point near the bottom of AC^ and communicating 
with the external air by a small aperture at F, 

4 

Suppose the vessel ADCB to be fiUed with water to 
the height of the extremity of the tube JVC. And let 
water also be poured into the open réservoir which is above 
ABCD, and communicates with the tube AK. The fluid 
will descend through the tube AK and occùpy a portion of 
the vessel MKN, compressing the air in that vessel with a 
force équivalent to the weight of a column of vatèr of the 
same base with the surface of the fluid, and of the altitude 
AK: The air thus compressed in the vessel MKN, in the 
tube JVC, and above the surface of the fluid în the vessel Ad 
wiQ exert on the latter surface a pressure, whose linit is^greater 
than the unit of the pressure (of the external air) on the 
surface of the fluid within the tube FG, by the weight of 
a column equal to the height of the surface of the fluid 
in the réservoir above that in JV^. Hence it appears, that 
the fluid will be projected through the orifice at F, and 
raised to the height AV above the surface of that in AC- 

229. Let P and Q be any positions of the surfaces of 
the fluid in the two vessels. Let NQ^x, PC-=s«^y AMxsa, 
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K and K^ sections of fhe vessels, and k of the aperture F^ 
M the content of the vessel NK^ m that of the tube CN^ 
and t the time from the begînning of the motion. Now, 
the air at présent occupying AP^ MQ^ and the tube CJV, 
before the motion and under the pressure, occupied the space 
M + m; 

h + a + % M-^-m 



K% + K%^ + m 



(i). 



Also the pressure at F is equal to that of the column AV^ 
less the column FP'\ 



.\ velocity of projection = ^^g{a-^%^%^\ 

- • N 



t = 



ksi H *^ 



z)V 



(2). 



Eliminating % between thèse équations, ànd integrating; %^ 
and %^ and therefore the velocity of projection and the 
height of the fountain may be found in terms of t. 



THE COIOION PUMP. 

230. AB and BD (Fig. 6S,) are cylinders connected 
together as in the figure. At £ is a valve fx closing the 
lower cylinder and opening into the upper. Jlf is a piston 
accurately fitting the interior surface of the cylinder AB^ 
and moveable along it by means of a rod £/i and a lever 
EF, In the center of the piston is an aperture /u, closed 
by a valve which opens upwards. The cylinder AB is 
terminated by a réservoir AF, The instrument iô placed 
vertically, the suction pipe BD being immersed in the fluid 
intended to be raised. 

To explain the action of the pump, conceive the piston 
M to be depressed to By the air in MB forcing up the 
valve /ui and escaping through the aperture. The piston M 
being then at B and both valves closed, suppose it to be 
drawn up again to A. By the ascent of the piston Jf, the 
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valve /A remaining closed, and no air being suffered to enter 

between the surface of the cylinder and the edges of the 

piston, the pressure of the air in AB on the upp&r surface 

of the valve fi will be removed. -The pressure, therefore, 

upon its inferior surface, arising from the elastidty of the 

air in jBC, being no longer counteracted by an equal and 

opposite pressure upon its . sttperiar surface, the valve will 

open, and the air in BC expand itsu&lf over the whole space 

AC Its density and therefore its elasticity will thus be 

diminished, and the pressure on the surface of the fluid 

within the tube BC will become less than that of the sur- 

rounding atmosphère on an equal portion of the surface 

C'C of the fluid without it. The equilibrium of the surface 

Ce" therefore will be destroyed, and the fluid will ascend in the 

tube JBC, until the weight of the column CP above C is such, 

that the pressure on the section within the tube at C is the 

same with that on an equal portion of the surface without it. 

Let the pistoii be now again made to descend from Â to 
B*, The air in AB^ by the continuai contraction of the space 
in which it is contained, will again be brought to a density 
greater than that of the extemal air, the valve fi will therefore 
again be forced open, the air beneath the piston will escape, 
and by its re-ascent the air in BP will be still farther rarified 
by expansion over the space AP. 

The equilibrium will thus again be destroyed, and restored 
by a farther ascent of the surface P.^ And thus by repeated 
strokes of the piston the fluid may be raised to the level 
of B^ and made to pass through the valve fA into thé barrel 
of the pump BA* This being once effected, at each descent 
ôf the piston a portion of the fluid will force itself through 
the valve /i into the space above it, and at each ascent will 
be raised into the réservoir AFy and discharged through the 
spout. 

231. IjCt P be the position of the surface of the fluid 
after the n!"^ stroke of the piston, h^ the height of a column 

I 

* The air in ABP beiiig of the same uniform density, the valve fx 
will close by its own weight. 
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of water whîch would at this time be supported by the elas- 
ticity of the air in BP, and let BF = ûff^; also let ^„+ij ^„+i 
be quantities similarly taken after the (n 4- 1)\*^ stroke. Let h 
be the height of a column of water whôse • pressure is equal 
to that of the external atmosphère, AB^a^ BC = by jr= section 
of ABy k = section of BC^ Then since the elastjcity of the 
air in BP together with the weight of the column of water PC 
is equal to the pressure of the atmosphère on an equal portion 
of the external surface CC ; we hâve v 

.-. h^ — a?,, = A - 6, 

\ 

and this is true for ail values of 9i; 

•*• ^n+i -- ^«+1 = h-- b. 

Again, since h„ and h^+i are as the densities of the air 
in the pump after the n^ and (n 4- 1)*^ strokes, and that by 
the (n + 1)**", the air in BP is expanded over the space AQy 
(Q being the position of the surface after that stroke); we hâve 

Therefore eliminating oi^^+v 

K + x {Ka + k (A„+i — h+b)\ = kh„a>^; 



«"'«t » 



232. The length of the pipe BC is necessarily léss than h^ 
since, otherwise, before the fluid has risen to jB, the weight of 
the column PC will be equal to the atmospheric pressure on an 
equal portion of the surface CC\ ahd could even a vacuuna 
be produced in MP^ no further ascent of the fluid would 
foUow. 
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233. In practice, the valves cannot be made accurateljr 
air-tight, nor can the piston 4)e made accurately to fit the 
interior of the barrel, or to descend entirely to its lower ex- 
tremity B. This last cause may entirely arrest the action of 
the pump. Suppose the play of the piston to be through 
the distance a' instead of a, or from A to jB'. 

• At every descent of the piston, the air in AB will be corn- 
pressed into the space BB\ Now it is necessary thât its 
elasticity when thus condensed should be greater than that 
of the external atmosphère, since otherwise the valve jjl will 
not be raised and no further raréfaction can take place beneath 
it. Now the elasticity of the air in AB after the n^ ascent 
is sufficient to support a column of water h^. If therefore h^ 
represent similarly the elasticity of that in BB\ after the rl^ 
descent of the piston, since the elasticity of air is as its density, 



a — a 



Now the column of water supported by the external air is h. 
Therefore in order that the action of the pump may continue 
after the w*^ stroke, A„' must exceed h, 

ah / a\ 

or ^, > h or h„ > Il ]h. 

a — a \ a/ 

To détermine the height at which the ascent will cease, we 
have> since h^- af^=^h — b^ 

œ^ + h^b > 1 1 )h; .\ 6— a?„< . 

\ a/ a 

If therefore b be not less than the quantity — h water cannot 
be raised into the bârrel of the pump. 

234. If CN^h^ it is clear that the water entering the 
barrel at each ascent of . the piston cannot rise above N. In 
order therefore that the pump may discharge at every stroke 



240 

of the piston its mawimuan gtumtity of fluid the distance of 
the extrême ascent of the piston above C must eœceed the 
quantity h. If the surface CC sink continually with the 
discharge, the quantity of water raised at each stroke will 
begin to diminish when AC becoines less than h^ and the 
discharge will wholly cease when BC is less than h. 

236. To détermine the height H of a column of water 
whose weight is équivalent to thé pressure on the piston Jf, 
when the surface of the fluid is at ^y point N above it, 
we hâve; pressure of fluid in CM upwards on Jlf = the 
weight of the column A— CM: pressure dawnwardê on M = 
weight of column H H- NM +h; 

.:. NM -^ h--H^h-- CM; ' 

.. H = CM + NM = CN. 

m 

ARCHIMEDES' SCREW. 

ABC (Fig. 66.) is a tube wound in a spiral direction 
round a cylinder, which is moveable about its axis, and inclined 
at a given angle to the horizon. The extremity A is im- 
mersed in a fluid which fills the portion of the tube AA\ 
beneath its surface. 

The cylinder is put in motion about its axis, so that the 
extremity A and the portions fi, C, &c. represented in the 
figure as aearest to the eye, may ascend whilst A\ B\ C, &c. 
on the opposite- side of it, descend. 

Now by the nature of fluid equilibrium, the surfaces 
A and A tend continually to establish themselves in the 
same horizontal plane. The surface A being therefore raised, 
and A depressed, by the motion of the cylinder, it is 
clear that the former will descend along the tuhe towards 
A and the latter ascend towards fi, and thus a con- 
tinuai motion will bç produced along the tube towards 2>. 
After the first révolution of the cylinder; the fluid in A A 
will be made to occupy the position BB\ and the ex- 
tremity A being brought again to the surface of the fluid 
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to be raised, the portion A À of the tube will bc a second 
time filled. By the second révolution this portion of fluid 
will be transferred to BS^ and that in BB! to jCC And 
thus eventually ail thé différent portions of the screw similarly 
taken will be filled with columns of fluid, which will continp. 
ally be made to move along it, and successively discharged at 
its extremity. AA^ BB^^ &c. are called the hydropborous 
arcs of the screw. 

To find the equ&tions to the screw of Ârchimedes. 

Let the axis of the cylinder lie in the plane of «T«f,. (Fig. 67.) 
then the base ACO of the cylinder is perpendicular to that 
plane. From P, a point in the curve, draw PC parallel to the 
axis of the cylinder, and CD, 2>d, respectively parallel to the 
axes Oy, Oûp. Let^Cs=0, therefore C'P = tan a; if a = the 
constant angle at which every élément of AP is inclined to 
ACO. Let z AOaf'z=e; 

then dist. of P from the plane of wx = CD = sin ; 

dist. of C from the plane of ;ry = 2)d=(l + cos 0) cose, 
and therefore, dist. o£ P from that plane 

= CPsine— Dc^sd tana sine — (1 +COS0) C086; 
diat» of D from the {dane o£ wysaOds:{l -rcosff) sine; 
and therefore, dist. of P from that plane 

= CP cos é -f Od =r tan a cbs e -f (1 4* cos 0) sin e. 

If therefore, a?, y, z^ be co-ordinates of P measured from O, 
parallel to the axes O^, Oy, Ox^ 

then œ=z9 tana sine — (1 H-cos6) cose, ys=sîn0, 

ss=z0 taxia cose + (l + cos0) sine ..(l); 

and the équations are 

Of = i5În"^y tan a sin c — (l + ^1— y^) cose, 

z = sin'^y tana cose + (l -f v 1— y^ sine. 
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CoE. The valuç of 0, corresponding to that point in the 
screw whose height above the plane of œy is n maximum, is 

gîven by the équation sînÔ = ; as appears by making 

lan c 

dx 

-— 5= 0, in équation (l). 

du 

THE AIR PUMP. 

236. AB and A'jff (Fig. 48.) are cylinders commonly 
of the same size, in which pistons P and Q are moveable 
âlternately by means of rack work, the one ascending* whilst 
the other descends. At the inferior extremities A and A' ôf 
the cylinders, are valves opening downwards. And at B and 
B' are apertures communicating with a vessel from whicfa 
the air is to be exhausted, and which is called the receiver. 

By the aiscent of the piston P a vacuum is produced 
in the ;3pace AP beneath it, the valve A closing by the pressure 
of the extemal air. When the piston has ascended above 
the aperture B^ a communication being opened between the 
receiver and the vacuum AP^ the air from the former rushes 
into the latter space, and the whole acquires the same uniform 
density. On the retum ofthe piston P, the air thus occupying 
the space AB is condensed until it acquires sufficient elasticity 
to force open the valve Ay when it is expelled, and a second 
exhaustion takes place by the re-ascent of the piston. The 
action of both pistons is manifestly the same, and thus for 
each descent of either piston a volume of air is expelled 
from the machine equal to the content of either cylinder. 

237- Let M be the content of the whole machine, 
receiver, tubes, and cylinders. Let N be the content of either 
cylinder or barrel, and let D^ be* the density of the air 
contained in the machine after the n^ stroke. Now D^M 
is the quantity of air contained in the machine after the n^ 
«troke, and the volume N of it, or the quantity D^Ny is 
expelled by the (»-f l)*** stroke; there remains therefore în 
the machine the quantity of air D^M — D^N after the 
\n 4- 1)*** stroke. And this is expanded over the space M\ 



^3 

■ 

.-. A. - ^ I' - ^f; 

if D represent the initial density oî the air* 



THE CONDENSES* 



238. AB (Fig. 49.) ia a cylinder^ communicatiog with 
a receiver My and P a piston moveable in it, in Which and 
at Bj are valves opening downwards, 

The piston P being forced down the barrel, the valve 
in it is closed by the elasticity of the air condensed beneath 
it, whilst the valve at B is forced open. And when the 
piston has arrived at B^ the whole of the air' in AB has 
been forced into M* On the retum of the piston the valve 
B closes by reason of the excess of the elastic force of^ the 
air in ilf over that of the extemal air, admitted, through 
the valve in P, into the space BP. No air therefore escapes 
from jlf, and at eyery descent of the piston a quantity of 
air equal in volume to the content of the barrel, and of the 
same density with the extemal aii^, is forced into it» 

239- If therefore D^ and D^^^ be the densities of the 
air in Jlf after the 7^ and (« + 1)*^ descents, M its content 
and N that of the barrel, also D the density of the external 
air, then 

N 



.'. d^ = d\ 






240. If the pistôti do not descend immediately to the 
bottom of the barrel, and the space intervening between its 
extrême descent and the receiTer, be m^ 

D„+i (M +WI) = 2)„. M + Z). AT; 
'/ M \ _ f DN \ 

by the solution of which équation of finite différences we obtain^ 

ND 






M 



The above solution applies to the case in which a given volume 
of air, TThy is supposed at èach ascent to escape from the con-r 
denser whilst the valve B is closing. 

THE BAROMETER. 

241,. A glass tube ÂB (Fig. 47.) having its extremity 
A hermetically seàbâ, is fUed with mercury and învi^ted in 
a vessel of tbesame fluid. Now it is necessary to the equi- 
libriom of a *heavy {iuid that the unit of pifessure on every 
portion of a horizontal section any where made in it should 
be. the same. The surface P of the fluid in the tube wîll 
therefore desciend* nntil the unit of pressure on the hori- 
zontal plane: C(f is the same irithin and. without the tube. 
Now within the tube, it is the, weight of the superincumbent 
column of mercury CP, atid withôyt, it is the weight of the 
superincumbent column of air. The weight of the mercury 
in the tube of the barometer, is therefore a measure of the 
weight of a column of the. atmosphère extending from the 
place of observation to its' surface. Also this last weight 
is proportional to the ela^ticity and density of the air at the 
place of observation. 

* The length of the tube is hère supposed to exceed the height 
of a column of mercury équivalent in weight to the atmoi^heric 
pressure. 
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Nqw if the density of the mercury in the barometer wëre 
always.tfae same, its weighi would vary as its height iri the 
tube, and this height would be an accurate measure of thé 
weighi, elasticity, tod density of the atmosphère. This is 
however by no means the case. The density of mercury in 
cpmmon with that of aU other bodie» varies with any varia- 
tion in the température. 

S42. It is* found by experiment that mercury expands 
or contracta by equal fractions of its bulk for ail equal in- 
créments or décréments in its température. And that for 
the variation of one degree as measured by the centigrade 

thermometer, the corresponding fraction is ^^» Hence if 

V be the volume of any given quantity of mercury at the 
température T^ ; then at the less température T'^, this volume 

will hâve been diminished by the quantity — ^ . V. And 

if D and jy he the corresponding densities, since the quantity 
of the fluid is the same. 

Z>F=:iy^r-- —Vi; .\ D'ex =wr— ;=7n. 

( 5412 5 yO^jT'O 



1 — 



5412 



Hence if jff' represent the height of the mercury at the 
température 7^°, the weight of a column whose base is unity 
is represented by 

DH'g 



lyiTg^ 



1 -- 

5412 



Also, if density (7^®, /f '), represent the density o^ the air 
at the température T' of the mercury and height of barometer 
H'j we hâve 

CDITg 



density {T\ ff) 



1 



5412 

• 

sihiilarly density (7^, ti) = CDHg, 



^ 
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densUy (T^, H') pressure (T"^, H') \h) 



• • density (7^, H) "" pressure (T^yH) yo_y^- 

"" 5412 

243. We hâve hère supposed the force of gravity to 
be the same at the places of observation. If, however, the 
observations be made at différent distances from the Earth'^s 
center» this will not be the case. Suppose one made at the 
Earth^s surface, and the other at the altitude x above ît ; 

.\ density (7^^ iT, x) = yo y^o. ^ 



« 



density (Ty Hy) =i C . HDg ; 

_ density (T'^, H', «) pressure (T\ H' y x) _ \ H J / a v 

•"' density (7*, H, 0) "iweswre (r», H, «)"/,_ ^^-^^ X * U +«/ 

V 5412 / 

244. To détermine the heights of mountains by means 
of barometrical obsetvatûms. 

By Article 125, we hâve, if p and p' represent the units 
of atmospheric pressure at the EartVs surface, and at the 
altitude z above it. 



-•©= 



cagz 



1 -f - 
500 



500 5 



therefore by the last article, 
h 



t (h) 3 l^ + 15ô-^« + *> 



Whence we obtain 



1 500 > 1, , V 5412 / , , / x\f / z\ 

1 

246. The constant — may be detennined by observing 

the values ZT, H\ T, &c. for some known value of x. It 
has been ascertained by numerous observations of this kind 
to be 10050 fathoms in latitude 50^ The quantity g is how- 
ever variable with the latitude. Generally for the latitude X, 

1 

— = (10050) h -h -002837 COSSXÎ ; 
cg ' 

/. ir = (10050) {l + '002837 COS2X} <l + i 



h.L ( -^l!-| + 2h.l 



•On)|On); 



246. To Jind the altitude of the mercury in the haro- 
tneter when a portion of air has been allowed to remain in 
the upper part of the tube. 

Let the air in the tube, when of the same density with 
the extemal air, occupy the space -4Q, (Fig. 47.) and let 
the mercury stand at P, AB^a, AQzsb^ ^P=r/F, As=the 
height at which the mercury would stand if a vacuum were 
produced above it, V =? the height of the column of mercury 
which would be sustained by the elastidty of the air in 
JP. Now the densîfies in AQ and AP are as h and h\ 
Also the quantity of air in each is the same; 

.\ hb 5= h' (a— ct) 



y 
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Now the weight of the column BP, and the elastic pressure 
of the air in ÂP on its surface, are sustained by the pressure 
of the external air ; 

.-. A = A' + 0?; 
hb 



h^œ 



= (i — ^. 



Whence œ may be found, or if a? be observed, the true 
height h of the barometer may be found. 



THE S£A GAGE. 

247. AB (Fig. 46.) is a vessel perforated with holes, within 
it is firmly fixed, in a vertical position, a glass tube, having 
one end hermetically dosed, and the other immersed in a 
cup of quicksilver, -4 is a hollow sphère, whose buoyancy 
is suffident to raise the instrument, when a weight W hung 
at the bottom of it is detached. The instrument is allowed 
to sink in the water whose depth is to be determined, and 
there is a mechanical contrivance by means of which, when 
it strikes the bottom, the weight W is detached, and the 
gage made to re-ascend by the buoyancy of the bail. The 
height to which the mercury has been made to ascend in 
the tube, is marked by the adhésion of oïl or any other 
yiscid substance, placed on^ its surface, to the interior of 
the tube. 

248. Let h' be this height (MP), and h the height 
of the barometer at the surface, and œ the depth of the fluid, 
/ the length of the tube above the surface of the mercury in 
the cap. Now the column of mercury which will be sustained 
by the elasticity of the air is. as its density. Let A" be the 
height of the column which would be sustained by the elas- 
ticity of the air in NP\ 

A A"(/-A') = Ai. 

« 

Âlso the elasticity .of the air in NP H-/Ae weight of the 
column MP = pressure of the atmosphère on the surfax:e 
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ofjluid + ihe weigfU of a cohimn of water ewtending to the 

hotiam. 

where 2>= tbe density of mercury and lï of water ; 

ahl ah 



.*. x^s=.ah' 



i-h' 
1 



-(t)' 



whence it appears that if the tube be divided into m eqnal parts, 
and the mercury ascend to the n^ division of the scale 

(Th 



^ = 



n 

1 

m 



CLEPSYDRA. 



249. The clepsydra cm* ^ater clock îs a contrîvance for 
marking the time by the descent of the surface of a fluid which 
flows through a small aperture in the base of the vessel which 
contains it. 

« 

Suppose the vessel a prism. It is required to détermine 
what scale must be marked on its side, that the coincidence of 
the descending surface with the successive lined of the division 
may mark equal successive intervais of time. , 

Let w be the distance of the surface from the base of the 
vessel at the end of any time t, from the beginning of the motion ; 
when let the value of œ hâve been o. 

Let JT be a horizontal section of the prism, and k of the 
aperture ; 

.% by Art. 143. os^a ^^ ■ . ^-f -^^^ 

\ K 2JP 

Let ^w and A^ be corresponding incréments of x and t ; 

A 2A 

21 



250: 



wheoce ve.obtain 



The time t is of course in seconds. To détermine the divi-^ 
sions corresponding to successive minutes of time, write for 
Atf 60" and give to t the successive values 0, 6o'\ 120^', kc* 

If-- V — — A^ = 0, the distance of the divisions will vary a», 
k ^ .g 

the time. 

250. To find the form of a clepsydra such that the whole 
descent may vary as the time from rest, or the surface descend 
through equal distances in equal successive intervais of time. 

Let AM (Fig. 60.) be the axis of the clepsydra, and PQ any 
position of the surface. .Then since the vessel is regular and 
symmetrical about AMy each section PQ varies as PM^, 

. Ijet.AM=:.Wy Pil/==y, andlet the section PQ=scy*; 

. Now if a be the height from which the surface has descendedy 
. , ' by hypothesis ^oca — a? = 6(a — a?) ; 

.-. d^= — 6da? and. .\ Ac«6 = cy:; 
.-. kb^2rgœ=zcy^. mdy^ ( . ) ^^^ 



THE COMPOUND FLOAT. 

261. The compound float is used for compai*ing the veU>- 
cities at ditferent depths in a stream of fluid. .i and B (Fig. 44.) 
are two sphères connected by a thread, of which A is the lighter^ 

Being thrown into the stream, the balls will, after a certain 
time,. hâve acquired a common.velocity, ànd the float a perma- 
nfsnt position. Let the common velocity V be observed, call v 
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tbe velocity of the stream ai Aj and v' that at B. Let a and fi 
be the radiî of the balls. Conceive the velocity F to be com- 
municated to the whole System (the float and fluid) in a direction 
opposite to that of the motion of the float. The action of the 
fluid upon the balls, and the relative position of the float and 
stream, will then remain precisely as before, and the float will 
be at rest. Now, resolving the forces which hold the float in 
equilibriiun, in a horizontal and vertical direction, it is inanifest 
that the latter destroy (since the System bas no vertical motion) 
and that the former are the pressures of the stream on the balls 
A. and B, But at A the stream is moving in the direction A' A 
with the velocity F— t?, and at B in the direction ff B.with the 
velocity v' — F. The résistances of the balls to the stream, or 
the pressures of the stream on the balls, are therefore represented 
by ca^ÇV—vy and cj3*(«'— F)*, (Art. 175.) And since thèse 
constitute the only horizontal forces impressed oh the float, and 
that they are in opposite directions, we bave 

ca'(F-t?)^-cj3'(«'- F)^ = Ô; 

If the weight of the float be adjusted sa that the bail A may 
move in contact with the surface of the stream ; the velocity v 
at any depth below it, may be determined in terms of that at the 
surface ; this last being ascertained by the motion of a light 
body upon the current. Now in order that the bail A may 
just float in contact with the surface of the fluid, we must bave 

where <r and a are the spécifie gravities of the balls. 

262. To find the position the float will assume when iji 
equilibrium ; taking A for the origin, X for the length of the 
«tring, and Q for its inclination to the vertical ; since the Vertical 
force impressed on B = |7r(cr' - l) fi^g, ma the horizontal 
force = ^^(v'— Vyfi\ we bave, by the gênerai équation of 
equilibrium, . 2 {Xy — Yof) = 0, 



2&2 



iïr(»'-r)«/3«.X.cose-|(ff'-l)j8»^\sin0 = O, 

J 

16 ^(o-'-l)^ 



pitot's tube. 

263. The bent tube JBP (Fig. 39.) open at both extremitîes, 
i's plunged in the fluid to the depth at whîch the velocity is re- 
quired to be determîned. The axm PB is kept în a vertical 
position, and AB tumed first in the direction of the motion of 
the fluid and then in a direction opposite to it. 

In the former case, the surface P of the fluid în the vertical 
tube AP will be below, and in the other, above that of the 
stream, The weight of the fluid in AP being in both cases 
équivalent to the pressure at A. 

Calling V the velocity and x the depth ; since in the one 
case* the motion of the fluid contiguôus to A tends to in- 
crease the co-ordinates, and in the other to diminish them, 
(see Art. 171. Note); 



g.BP=gz — ^v^ and gBQ^gss-^^v^; 
.•. gPQ=iV^ and v:sf^gPQ. 

The distance PQ being observed, the velocity is. therefore 
known. 

\ I 

HYDRAULIC QUADRANT. 

254. B (Fig. 45.) is a sphère suspended in a running 

stream by means of a string attached to a fixed point A. AB 

is made to deviate from the vertical by thè impulse of the 

stream, and the angle of déviation being observed, the velocity 

of the stream is thence deduced. Call the velocity t>, the 

radius of the sphère a, and AB , 6 ; .•. résistance on S = ^ tt a^v^. 

And its buoyancy or the vertical pressure of the fluid upon it 

4 
is represented by -7ra^((r — 1)^. 

3 • 
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Therrfove wh«i the systetn is in equilibrium, we hâve by tbé 
général équation 2 (JCy — Yœ) = 0, taking A for the origin, 

^Tra^fctJ^cosô— g 7r6a'((r- l)gsm9=^0; 

.'. î? 5= 4 \/^ag{<r — 1) tan 0. 

25& If the string BA pass over a puUeg at ^, and a 
weightv be attached to its extremity ; resolving the tension of 
P Où. B ineù horizontal and vertical direction, we hâve to take, 
in addition to the former forces, the two — Pànd.g Mid 
"Pcp^Ogy 

•*• §îra'g'((r— 1) -Pcos0g' = O, 
and ^TToV— Psin0g'=O. 

Thèse involve the preceding equatipn. Eliminating 0, 

From this last équation the velocity is known by simply observing 
the weight necessary to produce equilibrium. 

THE COMMON .TUB]^ OR CONDUIT PIPE. 

256, A fluid descends freely in the tube AP (Fig. SS.) 
and escapes through its extremity A, P is any position of 
its surface, AP = 8^ AM-=^%. 

.-. (Art. 167.) vr^-^^g I — . 

Suppose the tube to be composed of a vertical and horizontal 
arm as in Fig. 39. 

Let AB=^a, BP^%; 
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taking the intégral from^^j to x. If there be any numbèr of 
elbows in the tube, similar to that at B-, the same resuit will 
be obtained, a représenting the sum of the horizontal portions 
of the tube. ^ 

257. If the section (JT) of the vertical portion BP 
of the pipe be greater than that (Ar) of the other; adopt- 
ing the hj^thesis of parallel sections, and calling sis the 
height BP of the fluid in the vertical tube, we shall hâve 
(Art. 159.) 

Now, if 8 be the length of the column of fluid, at any time 
contained in the tube 5-4, 

K k 

Âlso, if »»' = the whole quantity of . fluid contained in the> 
tubes Kx + A;« = wï* ; 



.•• eliminating «, JST = ^ p-ue ^ i 






dN K^-k^ -dz 



N Kk- N " 



•'" Nk'l , K S Km'-{K^^k'')z' 
takiog tbe intégral fit>m a to z. 
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If the fluid, instead of moving continually along the tube 
BAj escape from its extremity A; and the section k be 
eiceedingly smallwhen compared with Kj so that the surface 
P may be considered stationary ; we shall obtain from équa- 
tion B, (Art. I5sr.) 

= ^a — A— JV— *«% 
or 

where N îs constant and s= — 4- - ; 

K k 




"The intégral is takeii, above, on the supposition that when 
If the initial velocity be v^ 



i=z 



\/^ga ' IsJ^ga-^vS l^/ïgâi-vS 



The qtùontiiy of fluid discharged 



^fkvdt = Nk* r -^ = jyrft* h. L p^l 

If the pressure of the fluid be in a direction opposite to the 
motion,' a will become négative, and the quântlty of fluid 
discharged wiU be represented by 

iSTifc^ h. 1. 5?i^J. 
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THE SYPÎTON. 

268. If a bent tube PQ (Fig. 40.) be filled with a fluid, 
and one extremity P immersed in a vessel of the same fluid ; 
then if the other extremity Ql)e in the same horizontal plane with 
Aj the fluid contained in the tube vfill remain at rest ; if it be 
raised above this plane the fluid will flow back into the vessel ; 
and if depressed below, it will escape through Q and empty the 
vessel to the level of P. For the pi^essure within the tube at 
P is equal to the weight oT a superincumbent column of the 
fluid of the height RM; and that at Q to the weight of a column 
RN. Also the ewtemal pressure on P is the weight of the 
column of water PA, together with that of the superincumbent 
column of air, whîlst that at Q is only the weight of the super- 
incumbent column of air. On the whole therefore, the column 
of fluid in the tube is thrust upwards at its extremity P by a 
force represented by the weight of a column of atmosphère 
diminished by the weight of the column of fluid RA* ; whilst 
at Q it is similarly thrust upWards by the weight of the same 
column of incumbent air diminished by the weight of the 
column of water RN. If therefore (as in the figure) RN be 
greater thari RA'j the column will gîve way to the former 
pressure, and flow in a continuai stream through Q. If RN 
be equal to RA', or Q on the same level with A, the pressures 
at P and Q will be equal and the fluid will remain at rest. 
And if RN be less than RA\ the pressure at the e:^tremity 
Q will be the greater, and the fluid will flow back into the 
vessel. The moving force in ail cases is the weight of the 
column A'N. 

The water in the syphon and vessel forms one cdn- 
tinued mass, held together by the atmosjjheric pressure on 
the surfaces A and Q, so long as the weight of the column 
RN does not excéed that pressure. When this is the caseï 
thete 16, in fact, no efiective pressure on the column QR up- 
wards, and it may separate itself from RP. If the weight of 
the column RA' also exceed the atmospheric pressure, no force 
will tend to press the column PR upwards ; and the two RP 
and RQ must separate ifrotn one another. A syphon cannot 
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therefore be inade to draw water £rom the depth of more than 
33 feet, or mercury from more than 31 inches. 



CENTEIFUGAL PUMP. 

259^ MLK (Fig. 41.) is a tube of which the branch ML 
is horizontal, and LK immersad vertically in a fluid. The 
cylinder LK is moveable about its axis, and at JT is a conicai 
valve opening upwards. 

• 

The tube being filled with fluid and put in motion about 
the axis KL^ a centrifugal force is generated in the portion 
ML^ and the parts of the column MLK being held together 
by the atmospheric pressure on its extremities^ a motion is thus 
communicated to the whole. And a stream of fluid is èon- 
tinually thrown off ai M* 

Let a be the angular velocity ML = a, CL = l ; 

.-. (Art. 110.)/(jrdj^+Fdy-hZd»)==|a*a«-^/. 

Therefore the tube being full of fluid, and the motion having 
become uniform, 

(Art. 132.) ji-ji' = ^c?a*— ^i— ^«*. 

Taking the intégral from the surfiace C, (withoùt the tube) 
where a, /, and v are each evanescent, to the surface M. But 
at both thèse surfaces p represents the unit of aimaspheriç 
pressure ; 

260. If J7 be the height of a column of the fluid whose 

weight is equal to the atmospheric pressure; f^9,gH is the 
velocity with which it would ascend in the tube at C, pro- 
vided a perfect vcumttm were prôduced above ihat point. 

nJ^gH is therefore a limit never exceeded by the actual 
velocity in the tube. Hence, we hâve the condition. 
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a 

261. Suppose a given quantity of fluîd PLQ to be con- 
tained in the tube. Let CQ = x, PQ = c, PL == p. Then 
since the value of p is, at either extremity, the unit of at- 
mospheric pressure; we hâve, by the gênerai équation for 
motion in tubes, (Art. 165.), 

Now / — « + p = c ; /, dx =i dp; 
.\ ^a'^p^dp''g(l^«)dz''cfdz = 0, 

From which équation the motion may readily be determined. 

. > BARKER'S MILL. 

262. A bent tube (Fig. 42.) consisting of two arms at 
right angles to each other is placed with one of them in 
& horizontal position, and made to be movekble about the 
axis of the other. The extremity of the horizontal' aïm îs 
dosed, and an aperture P is made in its side, through which 
B fluid, supplied in a continued stream to the vertical arm, 
is allowed to escape. The reaction at P gives motion to 
the System, (see Art. 46*) 

Suppose the whole to hâve acquired an uniform motion, 
the influx being constant, and the surface of the fluid having 
attained a permanent position in jlf. Let p be the unit of 
pressure on any point of the projection of the aperture P on 
the opposite side of the tube. Let PA^r^ AM^si^^ and 
let JT, K' and k be sections of the tubes AB and ACy and 
of the aperture P, 

V = the velocity of influx at By 

V=z the velocity of the fluid in AP, in contact with the 
projection of P, 
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t 

<9 ss the velocity of efflux at JP, 

a = the angiilar velocity of the System, 

p ^f{Xdœ + Ydy + Zd«) -^ t>« + C, 

and taking the intégral from M to P, 

where p^ is the unit of atmospheric pressure. Now the 
extemeU surface of the tube sustains the pressure of the 
atmosphère. The unit of effective pressure on the projection 
of P, is therefore p—p,9 or 

And, on the whole projection, the momentum of the pressure 
is . - 

Suppose a force Pg to be applied to the machine, acting 
with a momentum Pgc about the axis AB. Now since the 
motion of the machine is not accelerated the sum of the 
momenta of the forces impressed upon it = ; 

« 

.-. {|aV + ^«-^(F'«-F2)}rA-P^c = (l). 

Also at the aperture p=p^; 

.'. iaV+>-^(«^-F*) = (2). 

Eliminating ^ a^r* + gXj we obtain 

^rk {«« - F'*} — Pgc = (3). 

Now the influœ being giverif we hâve A;t) = C, also ad- 
mitting the hypothesis of parallel sections kv=sK'V'; 

The quantity P manifestly increases as A; diminiahe». 
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263. if the height AB of the vertical cylinder be given 
( a= a)j and the yessel be kept perpetually full, by équation (2), 



i«*(i-;^)=^K'* + ff«; 



Therefore by équation (3), 




rk (iaV +^a) ^ rj} ^ Pge = 0. 



Whence a is given in terms of JP, and conversely. 

The other quantities being given, the weight P will be 
^aised with the greatest possible velocity, when the length of 
^he axm AC 

_3 Pc r^ 



264. We may concei'oe an instrument combining the 
principle of Barker's Mill, with that of the Centrifugal Pump. 
Suppose the tube BAC (Fig. 42.) to be inverted. Let the 
extremity B be immersed in a fli4d, and let the machine 
be JiUed with the fluid and put in motion about the axis of 
AB, 

Thç fluid will move up the tube and escape through 
the aperture P on the principle of the Centrifugal Pump, 
and the re-action at P will tend to perpetuate the motion 
on the principle of Barker^s Mill. 

* 

Adopting the. same notation, and stippqsing the machine 
to hâve attained an uniform motion, we shall obtain precisely 
as before, 
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"-" l:-^l - 



r* Qia*i,'-ga) ^ -} - Pgc = 0. 



Observing that the wdght of the column AB tends to diminish 
the pressures. 



MONTGOLFIER'S HYDEAULIC RAM. 

265. The Hydraulic or Water Ram is a contrivance 
for applying the momentum of a current of fluid to raise a 
portion of it. 

The pipe AB (Fig. 43.) communicates with a réservoir 
(or flowing stream) A. The point B being as far as may 
be convenient below the level of the fluid in A. At D is 
an aperture closed by a valve which opena uptcarda into 
an air vessel E, In this last is inserted the tube EH through 
which the fluid is required to be raised. At O is a second 
aperture closing upwards by means of a loaded valve. The 
water flows down the pipe AB^ and escapes through the 
aperture C, until having acquired its maximum* (or per* 
manent) velocity, the upward pressure of the stream on the 
inferior surface of the valve at this aperture becomes (by a 
proper adjustment of the loading) greater than the weight of 
the valve, and it closes. * The momentum generated in the 
moving fluid is now wholly sustained by the coats of the tube. 
The valve D is accordingly forced up, and the fluid is pro- 
jected into the air vessel E with the velocity it has acquired. 
The extremity of the tube EH is now beneath the surface 
of the water in the air vessel, and the air being compressed 
above that surface, the water is made to ascend within the tube 



* It will be shown hereafter^ that in some cases it is better that 
the fluid should not be allowed to acquire its maximum velocity 
before the valve at C closes. 
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to a height dépendant ^ upon the length of the tube AB, and the 
height of the surface of the fluid in A, above the point B. It 
is clear that after the ascent of the fluid to its greatest height 
in the air vessel, the valve D will close, and, the motion in 
ABC being destroyed, C will open by reason of its weight. 
The motion will thus be continteedy the fluid being altemately 
discharged at C, and thrown into the air vessel at D, 

266. To simplify the theory of this instrument, let us 
suppose the valve D to open (not into the air vessel JE) but 
into an open vertical tube of the same diameter with AB. 
X.et P be any position of the surface of the fluid in this tube, 
DP^Zy ABD^a, and let the altitude of the surface of the 
fluid in A above the point B be h. Now the maximum velocity 
acquired by the fluid in its efflux through C, will manifestly 
be that with which it would flow permanently if that aperture 
continued open. And this uniform velocity is represented 

(Art. 166.) by t^J^gh. Now when the valve C closes, the 
fluid is projected up the tube EH^ with this velocity. To 
détermine its motion we hâve (Art. l65.) 

p^D \-gz^f{a + z)\+C. 

Hence neglecting the pressure resulting from the mo/ûm of 
the fluid at Aj and taking the intégral from A to P, 

0=^(A-»)-/(o+iîf); 

.'. vdv=fd% = - : , 

•' a + z 

v« = 2g {(a + h) h. 1. (« + »)— %}+C. 

Now when « = 0, © = ^2gh. 

Since the fluid is projected up the tube EH with that 
velocity ; 

/. t)' = 2g |(a + A) h.l. (^) + (A-«)l 
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If we assume this expression = 0, the corresponding value 
of X will be the greatest height to which the fluid is raised 
by the first impulse of the machine. 

267* If yre conceive the fluid to be discharged from 
the tube at the height a' above D; it is évident that at 
every time of the opening of the valve D, the moving column 
AD will encounter a quiescent column of fluid of the height 
u. The common velocity after impact will by d^Alembert^s 

Alao if/ be the accelerating force at any period of the motion, 

0=g^(A-a') -/(a+a'); 

dt a + a ^ a + a' 



Now when / = 0, t> = --^^- — j- ; 

a-4-a 

Therefore when « = 0, ^ = — —-^^ 7= . 

(a - h) s/g 

Which expression represents the whole time during which the 
fluid discharges itself from H. 

268. To détermine the quantity of the discharge; we 
hâve, calling k a section of the tube, 

fkvdt = -^f{ajïgh-gia'-h) t} dt 
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Takiag the intégral from 

# = 0, to ^ = , ^ =i . 

Again, to détermine the motion of the fluid, i^hen effluent 
through C Let a + a" = -4C. If then / be at any tîme thé 
accelerating force on the column AC, 

0=^^--/(a + a"); 
- ^" - ^* and . = ^^' 



• • 



ar a+a a + a 

Taking the intégral from to ^. 

Now when the motion becomes uniform, v^j^^gh; 

ght r— -- , ^ a + a" 

' -7^ = s/^ë^i and ^ = 



I 

This value of t represents the interval between each two 
successive projections of the fluid into the tube JEJff/ If T 

represent therefore any given time, — ^ ^5 - will represent 
the number of such projections in that time. Also 



(a-j-a')(a -A) 
is the quantity discharged during each ; 

" (a + a ) (a + a ') (a' - h) ' 

represents the whole quantity discharged in the time T. It 
is évident that this quantity increases with A, which is es- 
sentially less than â. 

Also, the remaining quantities being given, it increases 
with (a). For in this case it varies as 



a« 



(a + a ) {a + a') 



, or as 



M ' 



(-^)(-r) 

which last expression manifestly increases continually with a. 
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269. If C lie on the opposite side of Dy as is the more 
oomman constructioa of the ioatrument ; the expression for 
the discharge in the given time T will become 

(a + a') (a - a") (a -r- A) ' 



or 



T{a-'€i')khsjyh 
{a + «') {a' - h) 



Now this expression is less than the preceding) the best con- 
struction is therefore that given in the figure. 

270. If 1) be at any time the velocity of the fluid 
efBuent at C; D{gh-\-^v^ wiH be the corresponding unit 
of pressure on the inferior surface of the valve, and its 
maximum value will be 2Dgh. Calling therefore k the 
surface exposed to the action of thç carrent, QDkgh will 
represent the maximum pressure on the valve,^ and the weight 
of the valve and loading must equal that of a super-incumbent 
column of fluid of the height 2 h. 

271 • Ift the above theory of the Hydraulic Ram, We 
hâve neglected l!o consider the motion of the fluid in the 
réservoir A. Suppose the section (JT) of thia rieserVoir to 
be of Jinife dimensions, as compared with that (ft) of the 
pipé. Then, adopting thé hypothesis of parallel sections, 
we shall hâve (Art. 257.) for the time of efflux through the 
valve C 



Nk j s/^gh + y ) 

/— == n. 1. s — y.- " i.i ' " ^' > • 



J^gh ' ' l^/2gh 
Also for the quantity of each dischàrgè at H^ 






v' representing the velocity whîch is, at first, commumcated 
to the fluid in EH^ and N' the value of N corresponding 
to the réservoir A and the tuhes ÀD and DH. 

2L 
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Nôw, the number of discharges made in a given time, 
at H, varies inrersely, as the time of each efflux at C. There- 
fore the whole discharge of the ram varies as 



N'k^Qgh 



"■■•1^1 






Now v' SB . very nearly. 

Also/ if the height (a) of the extremity H of the tube 
be «xceedinglj great, as compared with a; v' is exceeding 
small as compared with v, and therefore, a fortiori, as com- 
pared with y/^gh; 

.^ ducnarffe oc — . . 






N'ka* V 



t 



^— ^^^^^— »>i— ^— ■^— J— ^^^S, < " I ■■'■■ ■ > ■ ■ ■ a i^M—— — 

Nia + ay^s/^gh ÎN/^iÂ + vj' 



C^/2^ 






Differentiating with regard to f), we shall obtain for the 
maaimum discharge, 



n. i. — >■ ■-■ -* - — - ' ' g = o. 

Whence, writing '^. , sa Q, 

0* - 40 • h. 1. Û — 1 =x 0. 

This équation is satisfied, by the value Q s= 8.226 ; 

7.8226 y — - 4 i 

•'•«'=» -^^Q V a*-* = - V 25-* very natfly. 
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ON THS VEIiOOITY OV BOVHD, ANB ON TBB VIBBATI0N8 OF 

A OTLINOBICAI* GOLUMN OF AIR. • 

In treating of the motions of a fluid, constîtuted like 
the air, the only principle on which the calculation rests, 
in addition to the perfect mobility of the partides, is, that 
the density is always proportional to the pressure. But 
notifithstanding the fewness and simplicity of the principles, 
the gênerai considération of the motions of dastic fluids, 
présents great mathematical difficulties. In a few cases, 
however, in which the conditions of the problem are of a 
restricted nature, it is possible to arrive at results which 
may be compared with experiment. The case we are about 
to consider, is of the simplest kind: the fluid is supposed 
to be confined in a very slender cylindrical tube, the motions 
of the particles to be very small, and no extraneous force 
to act. Let the transverse section of the tube = 1 ; let^ 
ab (Fig. 68.) be a very small portion of the fluid at the 
distance. O a ss^ from some fixed origin, the length ab^^èœ^ 
and its density =l+«, the mean density being 1. Then 
the mass of ab:as(iJ^8)^w. Thèse values of of and s may 
be supposed to obtain at the end of a time t reckoned 
from a fixed epoch. At the end of t + ^ty' let ab be trans- 
fenred to a'bl with. a vdocity v, which may be considered 
uniform for the small time ^t Then 

d' — t) is the variation of i? from the point a to the point 6, 
the time being constant. Hence, by Taylor^s theorem, 

, dv ^ ^ 

1> s= 19 4- -p. dâ7 -f- &C. 

daf 
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We hâve then, 06' = a? + Sw + (v -{ 5a? j S^, ultimately 



Oa = a? + vSt; 



.-. a'b' = Sw (l + j^ S A . 



Let 1 + < + 5« be the deimity of a'4'. Then, because 
the mass of ab is the same, as that of a' 6', 

(1 + «) Sa? = (1 + « + S«) (l + ^St\ Sw, 

Hence, neglecting quantities of the second order, 

_ 5« /^A 1.1 * 1 /d8\ da de dœ 

®"' Tt = te; "^*^*'^y' ^^ U) = .5i + rf]^ • j^ ' 

because « is a function of œ and if. In the case we are 

dit 

«««idering, . is a very smaU quantity, Therefore - is 

very small; and —, whieh is equal to v^ is also very 

dt 

ds dx 
smaH. ' Henide, neglectmg -r" • t^ > "we obtain 

- dœ dt 

ds . ^dv d.liA.(l+s) dv ^ , ._ 

Let Hhe pressure = a® x density. Now, by Art. l65, 
d|>= — (1 +«) /d^; ^e dîflfërentials being wîth respect to 
w only» / being copstant. Hence, 

—H — ; , =— /=— I---1, which is = — -7- very nearly, 
(l+s)dw ^ \dty dt ^ ^ 

for a reason similar to tlwit abo^ assigned with respect ^^ ( jj )• 
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^ Consequéntly —-^ i = - _ ; and from (J), 

o^.d'h. 1. (1+8) a^éPv 

dwdt dw 

Therefi^, £^ « «« g •(*)• 

Hence, integratûig, (Lacroix, Int. Ctdc. Art. 139.) 

V = F(w^at) +fiœ + at)..... (l), 

and — — = «.F'(<2?-o/) — a/ (a? + a^) = ^ ^; 

ut doo 

tb^efore, integrating with respect to 4?, 

a.h.l. (l+«) = F(<2? — o^)— /(a? + a^) = a», verynearly; (2) 

and no fiinctioh of f is to be added, because 

^itMf) = - ^ ft^ (., ■ 

Let us now consider what is indicated by the équations 
(1) and (2). The équation {E) will be satisfied if one of 
the functions /, be supposed to disappear, as we may con- 
yince ourselves by trial. Hence the équations 

t? = a« = F (œ — af) 

poisFt out a motion whidi is possiUe, and which it iidil be 
eonvenient to attend to in the first instance. Since t^sra», 
if at a given instairt an ordiaate be erected at eadi point 
rf the fine OMN (Kg. €9.), proportional to the différence 
betweén 4he deiiâty at the point and tbe mean density, thèse 
ordinates wiH also be proportional to the velocities, and the 
tmtve which bounds them will giy« at once tbe law of Ijie 
densîty and that kâ the velocity. The positive ofdii^ates 
correspond to velocities in the direction OMN and to (xm- 
-densations, the négative to velocities in the contrary direction 
and to raréfactions. The state and motions of the particles 
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being^^herefore^ properiy represented at the end bf the time t^ 
by some curve Pqr^ the exact form of which for our présent 
purpose, it is not necessary to jknow, let us enquire what 
will take place at the end of the time ^ + r. We shall hâve 

« = a« = /* (a? — o . ^ + t). 

Now if we describe two cnrves, the «quation of one of 

which îs y = F(a?— m), and that of the other y = F{œ — «i + n), 
they must be exacdy the same, but at différent distances from 
the origin of œ. An ordinate in the first will be less distant 
from the origin than the corresponding ordinate in the other, 
by the quantity n. Hence we infer, that the state of the 
particles at any distance œ-^-ar from the origin of co-ordinates 
in the case before us, at the end of the time ^ + t, is the same 
as the state of the particles at the distance œ^ at the end 
of t. The motion bas consequently been propagated from 
the origin during the time 7*3 through a space ar* As 
this is true whatever be t, the velocity of propagation is 
uniform and is equal to a. It is also independent of th^ 
magnitudes of v and a. If h = the height of the homoge- 
neous atmosphère, gh x densitys pressure. Therefore a^=ghy 
and the velocity of propagation = that acquired by falling 
through half the height of the homogeneous atmosphère, 
as Newton first determined it to be. 

Because the same quantity a^ is equal to ^ — ; — ^ at 

density 

every part of the atmosphère, it appears that the vdocity 

of Sound is the same in the higher régions, where the air 

h rarer, as it is at the surface of the. earth. But the intensity 

of Sound will be less as the air is rarer, since it must dépend 

on the quantity . of motion communicated by the. disturbance, 

and the same disturbance (for instance, a stroke qn a bell) 

will communicate a.smaller quantity of motion to rare air 

than to air that is denser. It is observed that the report 

of a pistol on the tops of high mountains, is much less 

loud than in the plains below. 

The velocity determined above for the propagation of 
Sound, is that which would obtain in a médium in which 
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the pressure under a// circumstances varies as the density, 
aod no extraneous force acts. But experiment bas she^n, 
ihat when the density of the air is stMenly altered, a 
develc^)ement of beat is produced, wbich either introduces 

a new force^ or destroys the constancy of the quantity ^ — : — . 

Now ail the parts of the air through which motion is propagated, 
suffer a sudden altération of density. Accordingly it is found 
that a, which is gsiô feet per second, falls short of the actual 
velocity of propagation, which the experiments of the French 
Academicians ascertained to be 1105 feet per second. La 
Place bas shewn by theoretical considérations (Mec* Cel, 
Liv. XII. Chap. 8.), that the effect of the developement of 
beat is taken into account by altering a in * a certain ratio. 
This ratio will therefore be that of 1105 to 925. It foUows, 
that in the air as well as in the suppositions médium, the 
velocity of propagation is independent of the magnitude of 
the motions of the particles ; and this is conformable to fact. 

Just as we bave treated the function F by itself we might 
treat / by itself, and we should obtain like results, excepting 
that the direction of propagation would be tawards the origin 
of co-ordinates on the positive sîde. In gênerai^ therefore, 
the vibratory motions of the particles of a column of the 
£uid, may be resolved into the motions which resuit from 
two piopagations obtaining «multaneously in opposite direc 
tioDs. 

The équation (B) will still be satisfied if each of the 
two functions contained in its intégral, be resolved into as 
many others as we please, connected by the sign + or — ; 
that is, the équation is satisfied by 

+ /, (a? + aY)- /g (<» + aO + /s (a^ + aO- &C. 

Now, as each of thèse terms may bdong to a separate pro- 
pagation^ the interprétation of this analytical fact is, that 
a great number of propagations may obtain ~at the same time 
in the air, without interfering with each other, and^ that 
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inany vibrations of its particles may oaeœiat The motioB 
of a partide is the resultmit o£ the several iDotians it would 
hâve» if eacli propagation took place without the othera. 
We must coaeeive the simultaneom transmîsâion of diffièreat 
sounds to be effected in this manner, in order to understand 
how it is tfaat at a concert every ear is sensible of the effect 
of every instrument. 

It was found that « = a« when the propagation is from 
the origin in the positive direction. Hence, since 'o and s 
are both positive or both négative at the same time, the 
<;ondensed particles always move in the direction of propa- 
gation, the rarefied in the contrary direction. The same 
thing will appear from the équation tj= — a*^ whîch appHes 
to propagation in the négative direction. This will help us 
to explain how it is that the same disturbance, for Instance, 
the motion of a small body forwards in the fluid, will produce 
propagations simultaneôusly in opposite directions. For the 
fluid must be just as much condensed at one part by the 
disturbance, as rarefied at anothen But the body impresses 
both on the condensed and rarefied particles, a motion in 
the direction in which itself moves. Therefore the rarefied 
portion will produce propagation in a diflerent direction 
from the condensed. 

Let us now attend to the forms of the functions F and f^ 
Thèse will be given by the given nature of the disturbances. 
Let abcd (Fîg. 70.) be a cylindrical tube containing the fiuid, 
mn a diaphragm placed transverse to the axis, just fitting the 
ihterior, and capable of moving in thé direction of the axis. 
If the diaphragm be made to move with a velocity which 
is very small compared to the velocity of propagation, the 
particles immediately in contact with the side looking in 
the direction of the motion, will be condensed proportionally 
to its velocity ; the particles on the other side will be in the 
same proportion rarefied. For the équations v ^ as and 
fj^s^^as must aj^Iy to thèse cases. Thèse condensations 
and raréfactions will be propagated from m with the uni&rm 
velocity a. Suppose the diaphragm to move in the direction 
ma from rest to rest agaii), in the time r, through a small space 
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Which may be neglected in compariscm of the distance over 
which the motion is propagated in the same time. Take 
em^sar; then if em represent the whole time of the njotion 
of the diaphragm, and an ôrdinate pq be erected proportional 
to its veloeity àt li time from the commencement of its motion 
represented by the abscissa ep, the locus of q will be a eurve, 
which may be calied the type of the wave generated by the 
diaphragm. The same cnrve inverted, as mq e\ will be the 
type of the wave propagated in the other direction; Since 

the curve eqm is expressed analytically by the arbitrary func- 
tion, and we therefore see that the form of the function is given 
by the given mode of the disturbance. From the time that the 
diaphragm cornes to rest, ail the subséquent motion will be in- 
dicated by the curve eqm^ moving with the veloeity a in the 
direction ma, without undergoing any change of form, for there 
are no data whèreby a change of form could be determined. 
The particles it successively reaches, ail pass through the same 
States of veloeity and condensation as those in immédiate con- 
tact with tne diaphragm. ll'hat the Une eqm may be a portion 
of a curve, for instance, a segment of a circle, has been proved 
by Lagrange, who shews generally in the second volume of the 
Miscellanea Taurinensia, Ûiat the consécutive values of v and ^ 
are not necessarily subject to the law of continuity. Hence 
also it is not necessary that the Une between e and m shoujd be 
continuons; it may even consist of two straight Unes as é/, fm. 
If the diaphragm moved uniformly for any length of time, the 
Une eqm would become a straight Une paraUel to àm, indicating 
that a stream would be produced t aU the particles in motion 
will be condensed proportionally to their veloeity ; for the 
équation v = a« must apply to this case. 

If the diaphragm go on moving backwàrds and forWards so 
that its oscillations shaU be isochronous, it will generate a séries 
of altemate condensations and rarefaétions, which are prqper fpr 
givihg to thé ear the sensation of a muMcal note<i Eor the only 
condition required for produciqg a musical sound^. is, that the 
waves which strike the ear recur at regular intervais. The 
pitch of the note dépends on the number of wav<^ which strike 

2M- 
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in & ^teti tinie: tHe greatet the number the higher the note: 
If the nuniber excead a certitin lii&it the note wiil be too high. 
to be perœiv^, «nd on the other band, the ear is unable to âp- 
pt«ciate the m>tê whén the number telln short of a certain limit : 
thèse limits are différent for différent ear». It is not neeessary 
that the tjpe of ail the waves should }ye the samé) or the 
oscillations of the diaphragm be ail performed in exactly the 
satne manner; provided ail occupy the same time the note 
will remain the same, but will be clearer the more regular 
the waves are. What has been said wUl serve to convey a 
gênerai idea of the manner in which the pUch of a musical 
note is determined by the vibrations of a solid in the air, 
as for instance, the reed in organ-pîpes. It is probable that 
the particular manner of the vibration, the position of the 
yibrating body with respect to the parts of the instrument to 
which it is attached, and the vibrations of the instrument it- 
self, ail go to détermine the timbre of the note, or that quality 
by whidi we distinguish the same note on différent instruments^ 

But there are cases in which musical sounds are produced 
wîthout the intervention of a vibrating solid. If a uniform 
stream of air be blown across the mouth of an open cylindrical 
tube, or obliquely against the edge of its mouth, a musical note 
will in many cases be produced. (See Biot, Traité de Physique, 
Tom. II. Chap. ix.) Now if this stream were confined in a 
strai^ht canal, we should know from what has been said in the 
last paragraph but one, that the condensation would be pro- 
portional to its velocîty. And without entering înto the 
considération of motion in space of three dimensions, we may 
infer that in any case the density of the stream will differ from 
the mean density. But the air within the tube, being kept at 
rest by its sides, will be of mean density. Hence two portions 
«f Air of différent demsities will be condguous to each other, 
ââd tûofiseqoently motion must «nsuè. From the manner of diu 
l«cth)g the «tream, it is pkîn that the coiumn of air in ^be tube, 
iméergoes but a very small pêrman^at motion of transbttâoii, 
etmk mhen the lâouth op^cisite to tliat at which th^ disturbance 
h ffiade n ^fpm^ as ni the cdœmon flûte with the finger holes 
mf^peà, lind vtme at ail, if ùke ^poske moath hé diOSed, fts î*. 
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Pan^ ]»pes. Hence the cpluma will b^ mad^ to vibrMe twick- 
wards and forwards, and expérience ahew» thaï tjhe vibrationi may 
be such as to give rise tp musical noted* Hère then we hav^ an 
instance in which the vibrations are caused by the action of tbe 
parts of tbe fiuid on one anotheri and in which also there li no 
extraneous aocelerative force. Hence the précise nature of the 
vibrations must be determined by referring to the intégral of 
équation (C), and' endeavouring to ascertain, prior to ail hypo- 
thesis about the mode of disturbance, the particular form of its 
arbitrary f unctiont : for this équation bas been investigated solely 
in referencue to the action of the parts of the iluid on each 
other. We shaÙ sucoeed in doing this in the foUowing mannef. 

It bas been shewn prior to any hypothesis about the mode 
of disturbance, that each of the functions F and /, in the inté- 
gral of (C) will satisfy it independently of the other, and that 
one applies to . a propagation in the positive direction, the 
other to a propagation in the contrary direction, When there- 
fore both occur in the intégral at the same time, it is allowable 
to suppose, as a particular case, that the propagations they 
indicate are exactly equal to each other. In such a case there 
must be one point at least,^ at which the particles go tbrougb 
the same séries of velocities by reason of the two propagations, 
but in opposite directions. At this point therefore the resulting 
velocity must be 0, independently of the time. Let / be its 
distance from the origin of co-ordinates, and for at put %. 

Then F (/ — «) - /(/ -h j^) «* 0, whatever be %- (o) 
,•. by Taylor's theorem, 

Hence F {l)-f (0 = 0, (1) 

-*"(0+/(0*0. (8) 

-^'(0-/'(0=o, (S) 

&c. &c. 

Thèse équations can détermine nothing about the value of (, 
wh)ch must remain arbitrary, as the origin of co-ordinates is 
arbitrary. They must be satisfied, therefore, by a considération 
of the values and fprms of Ûieffmctions themaelves. We shall 
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satifify at once (l), (3), (5), &c. by making / the same as F*. 
Bquation (a) then becomes F {l-^ x) -^ F (l + x) = 0, and 
shews that jP (/) is a maximum or minimum, and that the 
values of the function F at equal distances on each side 
of the maximum or minimum value are equal. Hence also 
F' (t) =3 0, and the équation (2) is .satisfied. But besides this 
we must hâve 

F"' (0 = 0, F^ (l) = p, &c. 

That is, the same value of «? which makes jP (œ) a maximum 
or minimum, makes ail the pdd differential coei&cients dis- 
appear. This condition immediately conducts us to a trigo- 
nometrical function, and the simplest that présents itself is 
^==msin^, which satisfies al] the required conditions. The 
only Qther mode in which any of the équations (l), (2), (3), &c. 
may be identically satisfied, is by making / the same as — jP. 
This supposition vérifies at once (2), (4), (6), &ç. and (a) 
becpmes 

F(l + x) + F(l'-x) = 0^ or F(Z + iîf)=-jP(/-«f). 

This being true whatever be «, shews, by making ;îr = 0, that 
F{1):=0, and équation (l) is satisfied. But we must also 
bave F'' {!) = 0, F''' (l) = 0, &c. We hâve therefore to find 
a curve, such that the same value of œ which makes 2^ = 0, 
causes ail the even differential coefficients to disappear, and 
so disposed about a point at which it cuts the axis, that 
the ordinat^s at equal distances on each side of this point 
shall be equal with opposite signs. Thèse conditions will 
be fulfilled in the same équation y = m^smœé Moreover the 
required conditions are satisfied in the most gênerai manner 
by ys=msinw-\-m' sin Sof + m" sin 5œ + Ççc. on account of the 
unlimited number of terins. But, as we hâve seen^ this 
équation points out a motion which is the résultant of a great 
number of motions of the kind indicated hy y=m ànœ. This 
last may therefore be called the primary form of the arbitrary 
function, and is that which it was required to find. Let \ 
be the common distance between the points at which the 

çurye cuts the axis: then y = f»X sin-—. 
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Before entering upon the considération of the vibrations 
of the column of air in a stop-pipe, let us consider generally 
the mode in which a séries of aerial waves are reflected. 
Conceive two motions exactly alike to be propagated in 
opposite directions along a cylindrical tube. There must 
be a point at which the velocities are the same and in the 
same order, in virtue of the two propagations, but in opposite 
directions. At this point therefore the particles will be at 
rest. The motion will in no respect be changed, if an in- 
definitely thin rigid partition be placed at right angles to 
the axis of the tube just where the particles are stationary. 
The fluid will be divided into two separate columns in each 
of which the motions will be the same as before. But plainly 
the particles in one column cannot be affected by a disturbance 
made in the other. Hence the effect of such disturbance is 
supplied by reflection at the partition. It thus appears that 
the obstacle gives rise to a séries of reflected waves eixactly 
like the incident waves, and that the particles in contact 
with the reflecting body do not move. 

Suppose now a séries of waVes of the primary type to 
be generated in the manner we hâve before mentioned, at 
the open end A (Fig. 71.) of a tube closed at £, and to be 
propagated from A towards B. At B they will be reflected, 
will retum to A^ and there issue out into the circumambient 
fluid. After reflection two waves, whose types are c6, c^b\ 
exactly equal, ^iU xneet. and in conséquent at «,me point 
m the velocity will be always equal to 0. Let t be reckoned 
from the time at ^hich e and c were simultaneously at m. 
Then cm=:at; and if mp^œ, pqz=y, 

y = m\ sîn— (œ + at). 

A 



f f . . ^ 



Also if pr=sy, y =^m\ sîn- (at^w), 

A 

I 

Hence v = y-^y'^ m\ (àn-.œ + at + sin - . a? - ai) 
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2mX sin — cos « 



Bud^as = y +y ^ m\(sîn — (îr+a^)— sin — (a? — a^) J 

% 

= 2mX COS — sin— — . 

A A 

As the particles at the closed end must necessarily be «t 

rest, we may reckon 4? from B towards A^ and date from 

an instant at which the condensation at B is 0. Then v will 

alwayssO where a? ^ n\, and as will aîways «s wbere 

a^si(n + ^) X. The points obtained by putting n^O, 1, 2, 3, &c. 

are in the first case called nodes, in the other, loap^- Expérience 

shews that when a musical note is sounded, the density of the 

fluid at A is always the mean. This will take place if Jl 

be the position of a loop, Hence if AB=^l^ we must hâve 

%l 

/=r(/î + i)X, or X = . Let n = 0, then X = 2/^ In 

^ ^^ 2W + 1 

this case the lowest note, the fundmnental noie^ is sounded. 

If we call it 1, the others may be called S, 5, 7? &c. beîng 

înversely as X the breadth of a wave. It is found in fact 

that I9 3, 5f &c. are the only notes that can be sounded. 

Il we suppose the end B to be removed, and the tube to 

be prolongea to A\ so that BA^^BA^ the wave instead of 

being reflected at B will go on to A\ and pass out there just 

as in the other case it passed out at A, Hence the distur- 

bance being the same, the note of a tube open at both ends 

is the same as that of a tube of half the length closed at one 

end : — an inference which experiment confirms. It is found 

that the séries of notes is 1, ^, 3, 4, &cc. or that they are 

such that the breadth X of a wave is an aliquot part of the 

length of the tube. The reason of this fact is not satisfac- 

torily understood, but probably may be traced to the vibra* 

lions of the tube itself, which would conspire with waves 

. of this séries, and interfère with any other. 
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ON THS GENERAL EQUATION. Art 132. 

If we take the line along which the intégration (J), 
Article 131 is to be made, âlways in the direction of the 
motion of the particles through which it passes or in the 
opposite direction; the quantities dw, dy^ d%^ taken (ac- 
cording to the .conditions of équation A) from one point in 
space to another, are équivalent to + dœ^ ± dy^ + d% taken 
in ref(»ence to the motwn of each particle. Now dœ^ dy, dz 
being thus tsketkf{<pdâs^^*dy^<f>'d9s) is shown Art. 156.) 

to be équivalent to /'—ds; 

dv 



.', p =: P-\-D / —ds*. 

€f dt 



Suppose the motion to be unifbrm, and the line of particles 
taken as above to occupy the path of a given particle ii. 
Now the intégral is to be taken at a given timey from one 
point to another in this line, and with respect to«the différent 
particles of it. But, on the assumed hypothesis of uniform 
motion, the intégral thus taken, is the same as though it 
were taken with regard to the same particle /i, when at 

. * Tbss nwuh may be deduasd at <moe by «onsideiing the whole 
flaîd iDtaas (hdd in eqnilibsium by the appUcatkm of the forces lost) 
to beownè wAià, excepliog «bly a Ikie of particles teken tm above^ 
of whose ki^gth d^ is an eleHieBt» 

du 

V representing the velocity in magnitude and direction^ -t^ will 

uHler evcnry emmmfltence rejmsoit the accelerating force, tSeo in 
ma^piitwte and disedbn. The équation is therefore perfeedy 
gctieral. . 
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àiffèrent times it occupies the différent points in its pâtli; 

The intégral I -i-ds therefore, in fact, represents the sunî 

of the effective accelerating forces oh the particle fx at thé 
différent periods of its motion, each multiplied by a cor- 
responding élément da of the space it describes. 

t) and 8 are both functionis of t^ ànd therèfote of one 
another; 

dv dv ds dv pdv /^ dv ^ /> , - i • 

/. --=-5 — = t?-— ; i\ / --- = f f^ -r- ds =: / vdv=;:*v ; 

dt ds dt ds J dt J ds ^ * 

.. p = P + \Dv^ + C. 

The ambiguous sign is manifestly introduced in passing firom 
the conditions of the eqnilibrium to those of the motion. 

According to the above theory the négative sign should 
be replaced by the sign + in équation (e), Art. 206. 



\ ' > . M 



Note on Article 156. The quantities do?, dy^ d% are 
assumed in this Article to hâve référence to the motion of 
the fiuid, as explained in Atticle 132. 



APPENDIX (C.) 

ON THE EFFLUX OF FLUIDS. 

\jR± a fluid be supposed to fiow through an apertùre 
ôf finite dimensions, in the base of a vessel, towards which 
its sides contract, and let us consider the descent of an élé- 
ment contained at any given tiine by two horizontal sections 
of thé fluid. 

Since in being made to occupy a lower position in. the 
vessel, the élément is reduced in magnitude, it is clear that 
a portion of the fluid it contains is extruded from it in its 
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deacent, ànd left Uy ocoUpy a higher position in the vesseh 
The particles among whieh the vekxâty of descent is thur 
partially destroyed (and which manifestly occur towards the 
extremity of each section) being thus forced amongst those 
of the immediately superior section, a still further disturbance 
and defiexion is the resuit. And thus towards the boundary 
of every section similarly taken in the fluid, a retardation 
is produced, at once by the continuai contraction of its di* 
mennons, and the partial quiescencé of the inferior fluid. 

And further it is évident that the particles at any given 
tîme occupying a given section of the fluid, will in their 
further descent fonn themsdved into a curved surface, whose 
curvature is continually variable with the time. 

In contact therefore with the sides of the vessel, there 
is formed a fluid mass in which motion is partly or wholly 
destroyed; and, if there be any portion of the fluid in 
which the hjrpothesis of continuai descent in the same hori* 
zontal section obtains, it is bounded by a siurface other 
than that of the sides of the vessel. It would seem that 
such a portion of fluid exists near the axis of the aperture 
presenting a slender column, whose section varies as the 
squares of the radii of curvature, at the vertices of the sur- 
faces into which the descending sections of the fluid suc- 
cessively form themselves. This column is elearly bounded 
by a surface variable in form with the time. The following 
experiments confirm the observations we hâve made above. 

Ewperimentl^ If into a prismatic veSsel containing a fluid 
which escapes through a small aperture in its base; there 
be thrôwn minute particles ^hose spécifie gravity iâ some- 
what greater than that of the fluid; they will be observed 
to descend vertically until they reach within three ràdii 
of the aperture ; after which they will converge from every 
side towards it, describing curved lines manifestly convex 
to the axis of the vessel. Thus the moving fluid will form 
in the vicinîty of the aperture a conoid rapidly converging 
toit, and having the section of the vessel for its superior base, 
and three radii of the aperture for its height. This conoid 
is called thé gorgé. The small quantity of fluid surroùnding 

' 2N 
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the gorge remains stagnant near the bottom of the vessei» 
The tendency of ail particles towards the aperture by a 
conoidal funnel is equally apparent, whether it be made inr 
the bottom or the sides of the vessel. 

Eœperiment 2. If there be poured on the surface of the 
fluid a stratum of oil or other coloured liquid of a less spécifie 
gravity than itself ; so soon as that stratum has reached within 
the distance of three radii of the aperture, the coloured liquid 
will force its way through the fluid to reach it, and the gorge 
will be clearly seen converging to the aperture, and convex 
to the axis of the vessel. 

Ewperiment 3. When the aperture is made in a thîn 
substance, the particles préserve during a short space after 
they hâve passed it, the oblique and converging direction 
iii which they approached it The je^ is thus rapidly con- 
trftcted near its commencement, and there is formed outside 
of the vessel a second conoid which may bè considered ,a 
continuation of that within it. 

This external conoid is called the veha contracta^ and 
its extrême or least section, the section of the vena contracta. 

The ratio of the section of the vena contracta to that 
of the aperture is represented in ail cases by the quantity 
0,625. 

It is clear that the vena contracta will produce the same 
variation in the efflux as though it formed a continuation of 
the vessel itself, and that the efflux does in fact take place 
at its extrême section. In ail those formulée into which there 
enters the symbol k, representing the section of the aperture 
at which the efflux takes place, it must be understood 
that it does not represent the section of the aperture 
in the vessel, but that section multiplied by the décimal 
0.G&5, Where the motion takes place from one fluid into 
another, as in the case of communicating vessels, the ratio 
of the section of the vena contracta to that of the aperture 
is no loE^r the same. ^ It has not as yet been ascertained. 
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To deiwmne thê^ surfaces of equal presêure in a momng 
fluid. 

We hâve if the motion be uniform, 

gar — ^d' = constant. 

Admitting the hypothesis of paxallel sections, and conceiving 
the interior sarface of the vessel to be symmetrical about a 
vertical axis which passes through the aperture, and such 
that ail its horizontal sections may be similar, we shall hihre 
for the équation to any section through the aus of a yessd 
of equal pressure, 

gx 1 = C. 

y 

The above is the équation to an hyperWic curve of the 
fourth order between the asyipptotes. 

Thé vena contreusta is'evidently a surface of equal près- 

• •« 
sure. 



APPENDIX (D). 

ON THE BE8ISTÀNCB OF FLUIDS. 

In the theory of résistance given in Article 171» no ac- 
count is taken of that variation in the pressure which results 
from the disturbance at the posterior surface of the plane. 
This hypothes^^, which is that usually adopted, is erroneous. 
A variation is manifestly produced in the pressure of the 
fluid, as well by the motion behind as by that before the plané. 

Let the plane ^^ be taken heneath the fluid, then adopting 
the notation of Art. 192, and considering the motion of a 
particle from the point where the disturbance commences^ to 
the anterior surface of the plane ; we hâve, since the motion 
tends to increaae the co-ordinates, 
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Again, considering the motion of a particle from the point 
where the disturbance terminâtes to the posterior surfac^e, we 
hâve, ânce the motion tends to diminish the co-ordinates, 

Subtracting thèse équations, 

Now the intégral — gd^ (%^ — %J fji^ taken with regard to 

that portion of the plane, both surfaces of .whieh lie beneath 

the surface of the fluid, evidently = 0, and taken with regard 

mDv^ 

to the remaindar, it i« shown, Art. 193, to equal . 

2g 

If therefore we assume the velocity of the fluid in contact 
with the plane, to be, o^ both jsides of it ^he same (or v^ =^«,,)> 
we shall hâve for the whole pressure, (Sp^/t — 2î>^^/a), tending 
to produce motion^ 

2g 

Throughout this theory of résistance we hâve supposed each 
particle of fluid to lose its yelocity on coming in contact 
with the anterior surface, and to re^cquire it by a continuai 
accélération on th^ opposite side of the plane« 

This seems to amount to the hypothesis, that the plane 
whilst it gradually destroyed ail motion in the particles as 
they approached it, should when they came in contact with 
it, présent no further obstacle to their pr<^ess, an hypothesis 
manifestly opposed to the facts of the case. The fluid brouglit 
in contact with the plane having }ost ail its velocity in the 
direction of its motion, coUects in a quiescent state before 
it, and présents to the action of the current a fluid surface 
essentially différent frpm that of the plaae^ ^d tei^ding 
obviously to vary the pressure upon it. 



The following theory is by La Grange*. Suppose a 
circular plane to be opposed transversely to the current of 
a stream, then will a conoldal mass of quiescent fluid coUeet 
itself before ît, bounded by a correspondent hollow conoid of 
moving fluid. Suppose every portion of this last fluid to move 
with the same yelocity, each transverse section of the conoidal 
shell, into which it has formed itself will then be of the same 
area. Let JT represent this area, R the radius of curvature of 
any point of the curve, whose révolution générâtes the sur- 
face bounding of the quiescent conoid^ <v the perpendicular 
dist^ce of this point from the vertew, and y its distance 
from the axis of the conoid, v the velocity pf the streapi. 

Now let us consider a section of the conoidal shell per- 
pendicular to its surface. The pressure exerted by each 
of the moving partides in a direction perpendicular to that 

of its motion, (i. e. the centrifugal force) îs represented by — -, 

and, considering the thickness of the shell as small, the whole 
pressure thus generated on an annulus of the quiescent conoid, 

is represented by — ^ — . Referred to an unit of surface 

this becomes — . Now this unit of pressure is the 

R^wyds 

same throughout the whole surface of the conoid, and is 

transferred through the médium of the quiescent fluid to 

each unît of the plane. If theréfore, we call P the unit of 

pressure on the plane, we hâve 
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Now A=--'^î' 



♦ Mem. de Turin, 1784, 1785. 
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dw\ 



r. 2irPydy = — Kv'd ( t") î 



.: P.y^ ^ C - K.^ {^) .....(1), 

d/ïf 

-y is the cosîne of the angle made by a tangent to the gène- 

rating curve with the axis of the .conoid. At the vertex 
therefore this cosine equals unity. Let represent thîs 
angle at the point, where the curve meets the plane. Now 
at the base of the conoid Piry^ represents the whole pressure 
upon the plane. Taking the intégral therefore from the 
vertex of the conoid to its base, we obtain for the whole 
pressure on the plane, the expression 

ir«j« (1 - coB 0) ...(2). 

From équation (l), we obtain 

(C-P7r»*)dy 



•-=/ 



^ irv*-{C-PiryY 

By the intégration of which expression the nature of the 
generating curve will be determined. 



APPENDIX (E). 

On thb Note to Art 125. 

SiNCS the température diminishes in arithmetical pro- 
^ gression as the altitude increases in arithmetical progression ; 

it is clear that the corresponding variations of the température 
and altitude are to one another in a constant ratio ; 
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/ dx _ p dx 

(1 + of) (» + «)• ^J \l+a(r-Cz).](a + »)' 

/(} — af+Cax)dz 
— ôTT^ô' — ''^"^y' 

.'. &c &c. 

The above method is evidently préférable to that given in' 
the commencement of the note. 



APPENDIX (F). 

On Art 206. 

By Art. 156. we hâve 

dV 






V being the velocity of any partiele, and ds the space it 
describes; and the intégral being taken along an irregular 
line, drawn continually in the direction of the motion of the 
particles through which it passes, or in the opposite direction. 

Now, V varies by reason of the incrément dt in time 
of the motion of the partiele whose velocity it représenta 
and the Variation ds of its position in space; 

dr_ /dV\ /dV\ da 
•' dt^\Tt) '^ Xds) dt 

dV\ __/dV> 



=(^)-0 



=7(57) '"+■/••''"' 



^(r^f~i~y fn^ 1 1^ ^ ■ ~»i 1^ 
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The constant, which is a fonction of t, bèîng supposed to 
bc included in the intégral / ("T")^** ^^ *^® whole we 
hâve, therefore, 

In the intégral + /(t")^*> T ds representi^ tHe 

elementary space actually described by any particle of the 
line along which the intégration is made; and the sign + 
is taken according as that motion is in the direction in which 
the line is measured^ or in the opposite direction. If we 
alter the hypothesis, and' suppose* ds to be an élément of 
the Une itself, the ambiguous sign will disappear, since d«, 
will in this case, become essentially positive. We shall thus 
obtain 

Adopting the notation of Art. 206, 
and differentiating with respect to /, 

■ \dtj \dtj^ \dt/^ \dt)' 

• ds /dV\ ^dœ /du\ dy /dv\ dz /dw\ 

* ' di \dT) "" It \dt) "^ Tt \dt) "^ Tt \dt) • 

•• (^) ^' = (S) ^" -^ (S) ^y + (ë) ^' 



Art. 206 ; 



•■•/{f)'"=(^)^ 
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which agrées with équation (é)y Art. 206, except that the 
last term is not there affected by the ambiguous êign. The 
introduction of this sign involves a question of some difficulty 
and of very considérable importance. It is opposed to the 
theory of D' Alembert, and to the exposition of that theory given 
in Chap. vu. : under thèse circumstances he is most anxious 
to show that the innovation has not been made lightly or 
inadvertently. 

It m^y perhaps put the subject in a clearer light to 
consider the équation A^ Art. Idl, in its original form without 
substituting (in the beginning of the opération) for dœ^ dy^ d% 
which are there supposed to be taken from one point in space 
to another, their équivalents + d«r, + dy, ;£ dz which re- 
présent the elementary motions of a given particle. 

From the équation in its original form, we shall obtain 
precisely as before 

Now^=(ir)^F(i^V 
dt \dt/ KdsJ 

Where the diflFerentiatîon is made with référence to the în- 
<^ement of time dt^ and the variation of position ds ; ds 
hère then represents an élément of the motion of a particle 
in the line along which the intégration is made, and the 

— j is taken on this hypothesis. 

But in the intégral / -j— ds^ ds represents an élément (not 

%J dt 

of the motion, but) of the line qi intégration. 

In f^\~7-)^^i \~t) represents therefore, the partial 

SO 
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<lifferential coefficient of V with respect to the space descrîbed 
by a given particle, whilst d« represents, not an élément of 
that space, but a given positive élément of the line itself 

In the présent form of the expression, the intégration 
cannot therefore be effected. To complète it, we must sub- 
stitute for the élément of the line ds, its équivalent, the 
élément of the motion + ds\ and we shall thus hâve 

•••'"''-"/(sî)''''*^'"' 

It may hère be as well to observe, that the pressure 
çn any point of a moving fiuidy is not 'neeessarily the 
same in every direction. 



APPENDIX (G). 

Note on Art 157« 
In this Article v and k are functions of t ; differentiating 
■ — - with respect to #, we therefore, în fact, differentiate thé 

K 

j 

velocity v generally ; and --- represents, as ît ought, not the 

partial difTerential coefficient of v with respect to t^ but simply 
the limiting ratio of the incréments of v and t. 
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